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As part of the “Zimmer program; numerous authors have
studied volume-preserving actions of the group SL(7, A) on
compact manifolds, where A is either the ring Z of integers or
the field R of real numbers. On the other hand, very little
seems to be known about the intermediate case where A is
the field Q of rational numbers. As a first step in this
direction, we show that SL(n, Q) has no nontrivial, C*,
volume-preserving action on any compact manifold of
dimension strictly less than 7. The proof has two main
ingredients: a theorem of Zimmer tells us that the action of
any “S-arithmetic” subgroup must extend (a.e.) to a
measurable action of its profinite completion, and the
Congruence Subgroup Property provides a very nice
description of this profinite completion. This is joint work
with Robert J. Zimmer of the University of Chicago.
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ransformation groups
Given: group G, (compact, c*) manifold M.
¢ What are the actions of G on M ?
Le.. ; What are homos ¢: G — Diff(M) ?
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uestion

¢ 3 action of G on some k-dimensional M ?
G actson M¥ = G acts on M* x S = Mk+1

immer program
G is large.
E.g., G = (noncompact) simple Lie group = SL(n, R).

‘

; 3 action of G = SL(n, R) on some Mk ?

Answer

SL(n, R) acts on RP™~! but not on any M" 2.

Harder: actions must be volume-preserving.
M¥* has G-invariant k-form  (nowhere-vanishing)

Answer

SL(n, R) acts on SL(1,R)/T = M™~1, not on M"* -2,

Prop. SL(n, R) acts on M (vol-pres) = dimM > dimG.

Prop. SL(n, R) acts on M (vol-pres) = dimM > dimG.

¢ 3 action of G = SL(n, R) on some M k2 wol-pres)

Poincaré Recurrence Theorem
U, gU, g* Py djsjoipt—

) 1
=>vol g'U = vol(g'U)= vol(U) = .
= vol(M) = . ——
. a.e. x €M is recurrent (31, gix ~ X)

Choose g € G, x € R"\ {0} with gx = Ax and A > 1.
Then gix = Alx — o # x.

G /H has finite volume = G/Ng(H°) has finite vol.
But G/Ng(H®) is algebraic variety <— R™ (or RP™).

Answer
SL(n, R) acts on SL(1,R)/T = M™~1, not on M"* -2,

ery hard
Replace SL(7n, R) (connected) with SL(7,Z) (discrete).

Example: SL(n,Z) acts on R™/Z" = T".

Conjecture (Zimmer, 1984)
ol =SL(n,2) or SLn,Z[1/m], n=3
@ I acts on compact mfld M, preserving volume
ek<mn

S NgH°)=G =>H°=e¢e = dim(G/H)= dimGaG. = [ acts trivially. (T -action factors through finite group)
Conjecture (Zimmer, 1984) Thm. @: SL(n,Z) — SO(N) = @(I') finite @rn=3). [Theorem (Margulis, 1974)
SL(n, Z) does not act on M"~, preserving volume. C1 L1 C1 [JrI 1 SL(n,Z) does not act on M¥, preserving metric irn > 3.
Exer. 21 (1) ~ Ay, 21 (1) ~ A"y Le., @:T — cpctLie grp SO(N) = @(I) finite.
11 » 1 1 Warning. Some cocompact lattices do have homos to SO(N).
@ Easyfork =0, 1. S Forv ezs, nv= +g"e with [n;| <Clogn. e i )
onjecture (Zimmer,
@ Known for k = 2 [Polterovich, Franks-Handel, Farb-Shalen] %I L1 I?I b L1 SL( 4 7) d t act M-l i I
For § — — AT G-N = gy, n, oes not act on , breserving volume.
Conjecture (Zimmer (2) org p andv 01’ 9vyg gmv

Fork =2, T can be any Kazhdan group.

[Theorem (Margulis, 1974)

SL(n,Z) does not act on M¥, preserving metric rn = ».
Le., @:T — cpctLie grp SO(N) = @(I') finite.

e special case of Margulis Superrigidity Theorem

Cor. Word length of 7" = v grows logarithmically.

Exer. g € (') &gl = «) = word len of g" is linear.
Hint: A = eigenval of g

= 3 o € Gal(C/Q), lo(A)] > 1.
Eigenval of o (g)" = o (A)"™ grows exponentially.

—

heorem (Zimmer, 1984, 1991)
@ Action preserves meas’ble Riemannian metric.
— special case of cocycle superrigidity
@ Action factors through a
compact group K (measurably):

R
Mo XN

1%

.
i
M




Conjecture (Zimmer, 1984)
SL(n, Z) does not act on M"~, preserving volume.

[Theorem (Morris-Zimmer, 2012)
SL(n, Q) does not act on M"~1, preserving volume.

Mm-action fa(‘:ﬂrs througﬁ action of f,Jon M (a.e.)
fm=SL n,Z[1/m] CSL(n,Q) = .

[Theorem (Morris-Zimmer, 2012)

SL(n, Q) does not act on M™1, preserving volume.
(SL(n, Q) is a discrete group)
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emark

Proved thm for many other simple alg’ic grps G(Q)
(not just SL(n, Q))

Conjecture
Suffices to assume dimM < n? — 1 = dimSL(n, R).

‘

emark
Easy if n < 3, so we assume n > 3.

1 1 1

[Theorem (Zimmer, 1991) Tm — Kn
Im-action factors through a cpct iy 7
grp Ky, acting on Xy, (measurably) M

Xm

[Peter-Weyl] Ky, C Xi2; SO(N;) = Ky, is pro-Lie

[Theorem (Margulis, 1974)

@: My — cpct Lie grp SO(N;) = @ (I) is finite.

i . 1 _ )
.. Ky, is pro-finite weE pro-finite completion of I,,.

[Theorem (Congruence Subgroup Property)

14 pim

M clfm = B ] with kernel >|< SL(n,Zp)
plm
So X SL(n,Z,) acts trivially on M (a.e.).

plm

m X SL(n,Z,) dense in X SL(n,Z,) = ]
plm P

= [-hets trivially on M (a.e.)
= I acts trivially on M.

Action of T, has kernel, but I, = SL(n, Q) simple. [

[Theorem (Morris-Zimmer, 2012)

SL(n, Q) does not act on M"~1, preserving volume.

[Theorem (more general)
@ G is almost-simple Q-group, satisfying (x), and
@ A homo G(R)° — GL(d;C).

= G(Q) does not act on M?, preserving volume.

@ Higher rgppk: V place v of Q, -
Qy-rank every simple factor of G(Q,) = 2.
= cocycle superrigidity and Kazhdan (T)
© Congruence Subgroup Property
for large S-arithmetic subgroups of Q).
(OK unless G is anisotropic of type A, D4, Eg.)

© &) is almost simple

(not really necessary).
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