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Suppose I' is an arithmetic subgroup of a semisimple Lie
group G. For any finite-dimensional representation

p: G — GL,(R), a classical paper of J. Tits determines whether
p(T') is conjugate to a subgroup of GL,(Z). Combining this
with a well-known surjectivity result in Galois cohomology
provides a short proof of the known fact that every G has an
arithmetic subgroup I', such that the containment is true for
every representation p. We will not assume the audience is
acquainted with Galois cohomology or the theorem of Tits.

G = simple Lie grp = SLy(R) or SO(k, 1)° (5one,mmear;)
I' = arithmetic subgroup
(~)3n,Ap: G S GLu(R), p(T) = GLw(Z) N p(G)
S an,dp: G — GLy(R), p(I) < GL,(Z).

I' universally arithmetic & v, Vp: G — GL,(R),
dM € GL(R), M~ p(I)M < GL,(2) ( and T is )

arithmetic

Proposition (Morris [2004])

Every G has a universally arithmetic subgroup I.

@ My original proof was tedious (and explicit).
@ Better pf (conceptual) by Prasad-Rapinchuk [2006].
@ Today: idea in another proof (direct, natural) [2015].

Defn. I' universally arith < vn, Vp: G — GL,(R),
IM € GLu(R), M~' p(I) M < GLu(Z) ( indsc)-

Defn. I universally arith & Vp: G — GL,(R), _
IM € GLu(R), M~ p(D) M < GLu(Z) ( Hinesc)-

Eg.G = SLi(R) = SLi(Z) is univ arith. (Q-split=univ arith)

Converse: SLi(Z) is the only one up to commensurability.

p: G = SLi(R).
I' is univ arith
=> M 1p(T)M < SL(Z)
=> M~ ITM = SL«(Z). O

G = SO(k, 1) and k even = T is univ arith.

Eg. G = SO(k, 1) and k even = T is univ arith.

Proof. k even =
@ Z(SO(k,1)¢) is trivial,
@ SO(k, 1)c has no outer automorphisms. ]

There are two obstructions to I' being univ arith:
@ a cohomology class in H3(Gal(C/Q); Z(Gc)),
@ an outer automorphism of Gc.

Defn. G C-universal & vn, Vp: G — GL,(Q),
iM e GL,(C), M‘lp(G)M c GL,(R).

Defn. G C-universal & vn, Vp: G — GL,(C),
IM € GL(C), M~ p(G) M < GLu(R).

Assume p: G — GL,(C) irred. p: Gc — GL,(C).
If p(G) € GLn(R), then p(gc) = p(go).
In general: p(gc) = p(P(go)), 3P € Aut(Ge)
= p(g) = plelge) = p(e)~p(g)p(e) if B outer aut.

M~p(g)M < M Tp(g)M =M 'p(e)~1p(g) p(e) M.

ple) 2 MM ', IM e GL,(Q).

Obstruction: need p(e) p(e) =1. (<)

Cor. G is C-universal if €€ = e.

Exer. €€ € Z(G¢). (because p(g) = p(g))

Galois group Gal(C/R) acts on G¢:
HYGal(C/R);Gc) ={e€Gclee=e}/~ mm'~e
={eeGcleee Z(Go) }/~

Choice of [€] < choice of G in Gc.

E.g., H'(Gal(C/R); AutSO(5,C)) — {SO(5),50(4,1),50(3,2) }.
Short exact sequence e — Z(Gc) - Gc - G — e
yields HYGal(C/R); G¢) — H¥Gal(C/R); Z(Gc)).

[e] — €€ =T € Z(G¢)

H*(Gal(C/R); Z(Gc)) = {T € Z(Ge) | T =T }/izz

G ~ T € Z(G) (cohomology class in H?)




G~ TeZG)

Let p: G — GL,(Q) irreducible.
Schur’s Lemma: T € Z(G) = p(T) is a scalar.
p(T) is a root of unity, and T = T, so p(1) = =1.

Assume G¢ has no outer auts. (G is an inner form)
@ p(T)=1 & M 1p(G)M < GL,(R).
@ p(1)=-1 & M 1p(G)M ¢ GL(R).

(cohomology class in H?)

Cor. G is C-universal (i.e., Vp, AM)
< p(t)=1forall p S T =e.

T has been calculated for every G.

G ~ T € Z(G) (cohomology class in H?)
Arith subgrp I' ~ Tq € H*(Gal(C/Q); Z(G¢))
M~1p(T)M < GLy(Z) < pTq trivial

in H¥(Gal(C/Q); pn).

Proof that G has universally arith subgroup.

G ~ € € H(Gal(C/R);G¢) ~ T = €€ € Z(Go).
Note that € lifts to € € H(Gal(C/R); G¢/{(T)).
Lem. € lifts to €p € H'(Gal(Q[i]/Q); Gqpi1/{T)).

€qg ~ arithmetic subgroup I of G with Tq € (T).
If p,T is trivial in H%(Gal(C/R); un),
then Tq € (T) < kerp,

E.g., Spin(k, 1) is C-univ iff k = 0,1,2 (mod 8).

SO P4« Tq is trivial in H*(Gal(C/Q); uy). |

Real representations

Irred reps of G over C are well known. (“highest weight”)

Let W = vector space over C,
pc: G — GL(W) = GL,(C) irreducible.
Thinking of W as a vector space over R yields
p: G — GL(Wg) = GLyu(R).

Exer. Wg is irred or Wr =V @ V(2 copies of an irred)

This provides a one-to-one correspondence
{irred reps over C}/~ — {irred reps over R }

where V.~V (complex conjugate).

Lemma (Schur’s Lemma)
p: G — Endg (V) = Mat,,«»n (R) irreducible.
C = Endg(R")
={T € Matyxn(R) | Tp(g) =p(g) T, Vg}
= C is a division algebra (every nonzero el’t has inverse)
> C=R,C, or H.

Exercise

El’ldg(V ®C) = El’ldG(V) ® C.
VeC=
@ irreducible if C=R (p(T) =1)
@ WeoeWIifC=H (p(T)=-1)
@ WoW ot if C=C (outer automorphism)
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