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Abstract

Circulant graphs are constructed from the cyclic group of integers
modulo n. Replacing the cyclic group with a more interesting finite
group leads to the class of Cayley graphs. These graphs have been
studied both because of their symmetry properties and because of
their important applications. It was conjectured more than 30 years
ago that every Cayley graph has a hamiltonian cycle, but we are still
nowhere near a proof. The talk will describe some of the results that
are known and some of the basic questions that are still unanswered.

Note. Circ(12;3,4) = Cartesian product C5 O Cy.

Eg. Circulant graph Circ(12;3,4) 0
11\\// \\// 1
vertices: elements of Zio / >\
edges: v —v+3 &v—v+4 1%\ \\( O-0-0 906
i [2)
Notation. Circ(n;s1, Sz, ..., Sr). 9<\ >< >3 _ g ©-0-0 ® ©-0
Assume connected: / /// (\ T T -Q-0® ® OO
— 8 4

ged(sy, 82, .5 80,m) = 1. /X\X/Z\ 0—@ 0@
Exer. Every circulant graph 7 \6/ S 3 columns
has a hamiltonian cycle. FEzer (easy). Cy, O C), has a hamiltonian cycle.
Note. Circ(12;3,4) = Cartesian product Cs O Cy.

Le., v—v + €7 and v—v + es,

Vertices of C,,, 0C, i o0 B o n B e where e; = (1,0) and ez = (0,1)

— ordered pairs O——0——0——0——0—0—0 are the natural generators of Z,, ® Z,,.

o p O O O O O O O

= elements of Z,,, ® Z,,. Defn. G = finite abelian group (.8, Zpm ® Zy,)
Edges T 1 1T 11717 S = generating set of G (e.g., {e1,e2})

(2, y)—(z=£1,y) : TTUTITTTTTTT L Cayley graph Cay (G5 S):

(x,y)—(z,y£1). ISR SRR vertices = elements of G

o 1 2 m1

Ie., v—v+te; and v—vtes,
where e; = (1,0) and ez = (0,1)

are the natural generators of Z,, ® Z,,.

edge v—v s forv e Gand s € S
Eg. Cay(Zy, ® Zn;e1,e2) = C,, OC,,.
Ezer. Cay(G;S) has a ham cycle (for any G and 5).

Defn.
G = finite wisshmm croup
S = generating set of G
Cayley graph Cay(G; S):
vertices = elements of G
edge v —vs™! forve Gand s e S

%'Cay(G; S) has a ham cycle.  (True if G abel.)

Conj.
e (Babai) The conjecture is false.
e Cay(G;S) has a hamiltonian path.

e Cay(G;S) has a path of length € #G.

Very little progress (especially since 1990).

Conj. Cay(G;S) has a hamiltonian cycle.

Eg. Dihedral group Da, of order 2n
= symmetries of a regular n-gon
e n rotations (t°,t*,¢%, ..., ")
e n reflections (f, ft*, ft%,..., ft"= 1)
e Dou=(t,f|t"=e f2=e, ftf=1")

Rem. Cay(Day,; f,t) has a hamiltonian cycle.
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Rem. Cay(Dsg ; f,t) has a hamiltonian cycle.
e —mmm  — e —mm  —

f tf f

3 f ——t2f

tf

3 f ——1f
B o 2 B2
Ezer. If ged(a,b,n) = 1, then (f, ft%, ft*) = Day,

so Cay(Dan; f, ft%, ft°) has valence 3.
(Embeds on torus, with every face a hexagon.)

Cay(DQn; fv ftaa ftb):

Thm (Alspach-Zhang).
Cay(Day; f, ft*, ft°)

has a hamiltonian cycle.
Conj. Cay(Day,; {reflections})
has a ham cyc.

(Then every Cay(Dap;S)

has a ham cyc.)

Conj. Cay(G;S) has a hamiltonian cycle.
True when G is “almost” abelian.

Defn. commutator subgroup of G = [G, G]
= (g 'h'ghl g,h € G).

Rem. G is abelian < [G, G] = {e}.

Thm (Durnberger, Marusi¢, Keating-Witte).
Cay(G; S) has a ham cycle if [G, G| has prime order
or, more generally, is cyclic of prime-power order.

Problem. Find hamiltonian cycle if |G, G| = Zo @ Zs.

Thm (Durnberger, Marusi¢, Keating-Witte).
Cay(G; S) has a ham cycle if [G, G| has prime order.

Idea of proof. G = G/|G,G] is abelian
= Cay(G;S) has a ham cyc C. o

Lift C to a path P in Cay(G;S).

Assume P is not a cycle.
[“Marusi¢’s method”]

Then we construct ham cyc
in Cay(G; S)

by concatenating translates of P.

[o)oNoNoXe]

Thm (Witte). Cay(G;S) has a hamiltonian cycle
if #G is a prime power p".

Problem. Find hamiltonian cycle if #G = 2p".

Problem. Find hamiltonian cycle if G = P xQ
where #P and #Q are prime powers.
(G is “nilpotent.”)

Summary. Cay(G;S) has a hamiltonian cycle if
e (G is abelian, or
e [G, (] is cyclic of prime-power order, or
e (G is of prime-power order.

Important. True for all generating sets S of G.
(Not just particular generating sets of G.)

Most groups are not covered.
But conjecture is true for small groups.

Thm (? Friedman-Jungreis, Kutnar—Maruéié—Morris2—Spar1).

Cay(G; S) has a hamiltonian cycle if #G =
e kp, with k < 23 (#16), e kp*, with k < 4,
o kp3, with k < 2, e kpq, with k < 4,
* pqr, o p".

For #G < 100, missing
e 48 = 2*.3 = 16p,
e 80 =2%.5 = 16p,

Should do 16p and 8p*. (Help???)
32p will be too much work.

o 72 =2%.3% =8
e 96 = 2°.3 = 32p.
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There are many results on specific generating sets.

Thm (Ruskey-Savage). Cay(S,;S) has a ham cyc
if S consists of transpositions (i, 7).

Thm (Alspach). Cay(G;s,t) has a ham cyc
if (s) is a normal subgroup of G.

Thm (Rankin). (ES)/(G; s,t) has a ham cyc
if st™' has order 2 (i.e., (st™')* =e).

Cor. G simple = 3 s,t € G, @(G; s,t) has ham cyc.

Cor (Pak). VG, 35, @;(G; S) has a ham cyc,
and #S < log, #G.

Bl (Bankin). Cay(Cas.t) has o ham oyg if (sf~)* =c.

Vertices of Cay(G;S) covered by disjoint cycles.

Cay(G; S) connected = 3 edge g—gt that joins two cycles.
... — g gS — ...

- —ga gt—...

2=¢ and s = at.

Let a =st™!, soa
Then gas = ga(at) = ga’t = gt and gat = gs.
Remove edges g — gs and ga — gt: 2 cycles — 1.

Continue: combine all cycles into one (ham).

Conj. Cay(G;S) has a hamiltonian cycle.
Problem. Find ham cyc in prism Cay(G;S) O Ps.
Done when valence is three:

Thm (Rosenfeld).
The prism over X has a hamiltonian cycle if

X s cubic and 3-connected.

Survey articles.

B. Alspach,

The search for long paths and cycles in vertex-transitive graphs and
digraphs.

Combinatorial mathematics, VIII (Geelong, 1980), pp. 14-22,
Lecture Notes in Math., 884, Springer, Berlin-New York, 1981.

MR 83b:05080

D. Witte and J.A. Gallian,

A survey: Hamiltonian cycles in Cayley graphs,
Discrete Math. 51 (1984), no. 3, 293-304.

MR 86a:05084

S.J. Curran and J.A. Gallian,

Hamiltonian cycles and paths in Cayley graphs and digraphs—a sur-
vey,

Discrete Math. 156 (1996), no. 1-3, 1-18.

MR 97£:05083

(c)2005 Dave Morris

Hamiltonian cycles in Cayley graphs

September 1, 2005



