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Abstract. Let H be a closed, connected subgroup of a connected, simple Lie group G with
finite center. The homogeneous space G/H has a tessellation if there is a discrete subgroup
I" of G, such that T acts properly discontinuously on G/H, and the double-coset space
I'\G/H is compact. Note that if either H or G/H is compact, then G/H has a tessellation; these
are the obvious examples.

It is not difficult to see that if G has real rank one, then only the obvious homogeneous
spaces have tessellations. Thus, the first interesting case is when G has real rank two. In
particular, Kulkarni and Kobayashi constructed examples that are not obvious when
G = SO(2, 2n)° or SU(2, 2n). Oh and Witte constructed additional examples in both of these
cases, and obtained a complete classification when G = SO(2, 2n)°. We simplify the work of
Oh-Witte, and extend it to obtain a complete classification when G = SU(2, 2n). This includes
the construction of another family of examples.

The main results are obtained from methods of Benoist and Kobayashi: we fix a Cartan
decomposition G = KA K, and study the intersection (KHK) N AT. Our exposition generally
assumes only the standard theory of connected Lie groups, although basic properties of real
algebraic groups are sometimes also employed; the specialized techniques that we use are
developed from a fairly elementary level.

Mathematics Subject Classifications (2000). 22EA40, 53C30.
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1. Introduction

DEFINITION 1.1 (KN, pp. 43—44]). A group I' of homeomorphisms of a topo-
logical space M acts properly discontinuously on M if, for every compact subset C of M,

{y @T | CNyC # B} is finite.

Classically, a discrete group I' of isometries of a Riemannian manifold M is a
crystallographic group if I" acts properly discontinuously on M, and the quotient
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I'\M is compact. The I'-translates of any fundamental domain for I'\M form a
tessellation of M.
These notions generalize to any homogeneous space, even without an invariant metric.

DEFINITION 1.2. Let

e ( be a Lie group and
e H be a closed subgroup of G.

A discrete subgroup I' of G is a crystallographic group for G/H if

(1) I acts properly discontinuously on G/H; and
(2) I'\G/H is compact.

We say that G/ H has a tessellation if there exists a crystallographic group I' for G/H.

Crystallographic groups and the corresponding tessellations have been studied for
many groups G. (A brief recent introduction to the subject is given in [Kb8].) The
classical Bieberbach Theorems [Cha, Chap. 1] deal with the case where G is the group
of isometries of Euclidean space R" = G/H. As another example, the Auslander
Conjecture [Abe, AMS, FG, Mrl, Tom] asserts that if G is the group of all affine
transformations of R”, then every crystallographic group has a solvable subgroup
of finite index. In addition, the case where G is solvable has been discussed in [Wit].

In this paper, we focus on the case where G is a simple Lie group, such as SL(x, R),
SO(m, n), or SU(m, n).

STANDING ASSUMPTIONS 1.3. Throughout this paper:

(1) G is a linear, semisimple Lie group with only finitely many connected components;
and
(2) H is a closed subgroup of G with only finitely many connected components.

Remark 1.4. Because H/H°® is finite (hence compact), it is easy to see that G/H
has a tessellation if and only if G/H® has a tessellation. Also, if G/H has a tessel-
lation, then G°/H° has a tessellation. Furthermore, the converse holds in many
situations. (See Section 2D for a discussion of this issue.) Thus, there is usually no
harm in assuming that both G and H are connected; we will feel free to do so
whenever it is convenient. On the other hand, because SO(m, n) is usually not
connected (it usually has two components [Hel, Lemma 10.2.4, p. 451)), it would be
somewhat awkward to make this a blanket assumption.

EXAMPLE 1.5. There are two classical cases in which G/H is well known to have a
tessellation.

(1) If G/H 1s compact, then we may let I' = e (or any finite subgroup of G).




TESSELLATIONS OF HOMOGENEQUS SPACES 117

(2) If H is compact, then we may let I' be any cocompact lattice in G. (A. Borel [Brl]
proved that every connected, simple Lie group has a cocompact lattice.)

Thus, the existence of a tessellation is an interesting question only when neither H
nor G/H is compact. (In this case, any crystallographic group I' must be infinite,
and cannot be a lattice in G.)

Given G (satisfying 1.3(1)), we would like to find all the subgroups H (satisfying
1.3(2)), such that G/H has a tessellation. This seems to be a difficult problem in
general. (See the surveys [Kb6] and [Lab] for a discussion of the many partial results
that have been obtained, mainly under the additional assumption that H is
reductive.) However, it can be solved in certain cases of low real rank. In particular,
as we will now briefly explain, the problem is very easy if R-rank G = 0 or 1. Most
of this paper is devoted to solving the problem for certain cases where R-rank G = 2.

If R-rank G = 0 (that is, if G is compact), then G/H must be compact (and H
must also be compact), so G/H has a tessellation, but this is not interesting. If
R-rank G = 1, then there are some interesting homogeneous spaces, but it turns
out that none of them have tessellations.

EXAMPLE 1.6. G=SL(2, R) is transitive on R* — {0}, so R” — {0} is a homo-
geneous space for G. It does not have a tessellation, for reasons that we now explain.

Let C be the unit circle, so C is a compact subset of R? — {0}.

We claim that CNgC # @, for every g € G (cf. Figure 1.1). To see this, note that,
because detg = 1, the ellipse bounded by gC has the same area as the disk bounded
by C, so gC cannot be contained in the interior of the disk bounded by C, and cannot
contain C in its interior. Thus, gC must be partly inside C and partly outside, so gC
must cross C, as claimed. ‘

Let I be any discrete subgroup of G. The preceding paragraph implies that
CNyC # @, for every y @ I'. If I acts properly discontinuously on R? — {0}, then,
because C is compact, this implies that I is finite. So the quotient I'\(R? — {0}) is
not compact. Therefore I is not a crystallographic group. We have shown that no
subgroup of G is a crystallographic group, so we conclude that R? — {0} does not
have a tessellation.

This example illustrates the Calabi-Markus Phenomenon: if there is a compact
subset C of G/H, such that CNgC # @, for every g € G, then no infinite subgroup
of G acts properly discontinuously on G/H (see 2.8). Thus, G/H does not have a
essellation, unless G/H is compact (see 2.9).

We will see in Section 2 that the following proposition can be proved quite easily
from basic properties of the Cartan projection.

PROPOSITION 2.16" (cf. [Kb4, Lemma 3.2]). If R-rank G = 1, and H is not com-
pact, then there is a compact subset C of G/H, such that CNgC #£ @, for every g € G.
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-

Figure 1.1. The Calabi-Markus Phenomenon (Example 1.6): CNgC # @, for every g € SL(2, R), so no
infinite subgroup of SL(2, R) acts properly discontinuously.

COROLLARY 1.7 (Kulkarni). If R-rank G = 1, and neither H nor G/H is compact,
then G/H does not have a tessellation.

We now consider groups of real rank two. The obvious example is SL(3, R), but, in
this case, once again, none of the interesting homogeneous spaces have tessellations.
Moreover, the same is true when real numbers are replaced by complex numbers or
quaternions. The case where dim H = 1 relies on beautiful methods of Benoist and
Labourie [BL] or Margulis [Mr2], which we describe in Section 5.

THEOREM 1.8 (Benoist, Kobayashi, Margulis, Oh and Witte, see Section 6). If
G =SL(3,R),SL3,C), or SL(3, H),
and neither H nor G/ H is compact, then G/H does not have a tessellation.
It is important to note that some interesting homogeneous spaces do have

tessellations. To apprehend this, it may be helpful to first look at the following rather
trivial example.
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EXAMPLE 1.9. Suppose G = L x H, and let I be a cocompact lattice in L. Then I"
acts properly discontinuously on L = G/H, and I'\G/H = T'\L is compact. So G/H
has a tessellation.

The following easy lemma generalizes this example to the situation where G is a
more general product of L and H, not necessarily a direct product.

LEMMA 1.10. Let H and L be closed subgroups of G, such that

e G=1LH,
e LN H is compact; and
® L has a cocompact lattice T'.

Then G/H has a tessellation. (Namely, T is a crystallographic group for G/H.)
Proof. Because G = LH, we know that L is transitive on G/H (with stabilizer
LN H), so G/H is L-equivariantly homeomorphic to L/(L N H). Since T is a crys-
tallographic group for L/(L N H) (see 1.5(2)), this implies that I' is a crystallographic
group for G/H, as desired.

For G =S0(2,n) or SU(2,n), this lemma leads to some interesting examples
found by Kulkarni [Kul, Theorem 6.1] and Kobayashi [Kbl, Proposition 4.9].

EXAMPLE 1.11 (Kulkarni, Kobayashi). There are natural embeddings
SO(1, n) — SO(2, n) and SU(1, n) — SU(2, n).
Furthermore, identifying C'*™ with R***" yields an embedding
SU(1, m) = SO(2, 2m).
Similarly, identifying H'* with C***" yields an embedding
Sp(1, m) — SU(2, 2m).
Thus, we may think of SO(1, 2m) and SU(1, m) as subgroups of SO(2, 2m); and we
may think of SU(1, 2m) and Sp(1, m) as subgroups of SU(2, 2m).

With the above understanding, we see that SO(1, 2m) is the stabilizer of a vector of
norm +1. Since SU(1, m) is transitive on the set of such vectors, we have

SO(2, 2m) = SO(1, 2m) SU(1, m).
Similarly,
SU(2, 2m) = SU(1, 2m) Sp(1, m).

Then Lemma 1.10 implies that each of the following four homogeneous spaces has a
tessellation:

SO(2, 2m)/SO(1, 2m),

SO(2, 2m)/SU(1, m),

SU(2, 2m)/SU(1, 2m), and
SU(2, 2m)/Sp(1, m).
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Remark 1.12. When discussing SO(2, n) or SU(2, n), we always assume »n > 2.
This causes no harm, because SO(2, 2) is locally isomorphic to SL(2, R) x SL(2, R)
[Hel, (x), p. 520], and SU(2, 2) is locally isomorphic to SO(2, 4) [Hel, (vi), p. 519].

When #n is even, H. Oh and D. Witte [OW3] provided a complete description of all
the (closed, connected) subgroups H, such that SO(2, n)/H has a tessellation, but
some cases remain open when # is odd.

In this paper, we extend the work of Oh and Witte to obtain analogous results for
homogeneous spaces of G = SU(2, n). We also give a much shorter proof of the main
results of [OW3]. Our method is the same as in [OW3], but the proofs in [OW3] rely
on a list [OW1] of all the homogeneous spaces of SO(2, n) that admit a proper action
of a noncompact subgroup of SO(2, n). (The list was obtained by very tedious case-
by-case analysis. It was extended to homogeneous spaces of SU(2, n) in [IW].) The
following proposition (1.13) provides an a priori lower bound on dim H, and it turns
out that the classification of the interesting subgroups of large dimension can be
achieved fairly easily (see Section 10). This is the main reason that we are able to give
reasonably short complete proofs of our theorems. The Cartan projection (described
in Section 2) is our main tool.

PROPOSITION 1.13 (see 4.12, 8.21, and 7.15). Suppose G = SO(2, n) or SU(2, n),
and let H be a closed, connected, noncompact subgroup of G. If G/ H has a tessellation,
then

n if G =S0(2,n) and n is even,
. n—1 if G=S0Q,n) and n is odd,
dim H > 2n if G = SU(2, n) and n is even;

2n—2 if G =SU(2,n) and n is odd.

The same techniques should yield significant results for homogeneous spaces of
the other classical simple groups of real rank two (namely, Sp(2,n), SO(5,C),
SO(5, H), two real forms of the exceptional group FEg, and two forms of the
exceptional group G3), although the calculations seem to be difficult. On the other
hand, the groups of higher real rank require different ideas.

Once one knows that a tessellation of G/H exists, it would be interesting to find
all of the crystallographic groups for G/H and, for each crystallographic group,
describe the possible tessellations. These are much more delicate questions, which
we do not address at all. (Goldman [Gol], Salein [Sal], Kobayashi [Kb7], and Zeghib
[Zeg] have interesting results in some special cases.)

In the remainder of this introduction, we state the specific results for homogeneous
spaces of SO(2, n) and SU(2, n).

NOTATION 1.14 ([Twa, p. 533]). For any connected Lie group H, let
d(H) = dim H — dim K3,
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where Ky is any maximal compact subgroup of H. This is well defined, because
all the maximal compact subgroups of H are conjugate [Hc2, Theorem 15.3.1(iii),
pp- 180-181].

EXAMPLE 1.15. If H is semisimple, we have the Iwasawa decomposition
H = KygAyNg [Hel, Theorem 6.5.1, pp. 270-271], from which it is obvious that
d(H) =dim(4xNg).

This yields the following calculations (see 7.5 and 7.15):

d(SO(1,n)) =n.

d(SO(2, n)) =2n.
d(SU(1, n)) = 2n.
d(SU(2, n)) = 4n.
d(Sp(1, n)) = 4n.

Remark 1.16. If H C AN (for some Iwasawa decomposition G = KAN of G), then
d(H) = dim H (see 3.18 and 3.15(3)).

NOTATION 1.17 ([Kb3, Definition 2.1.1]). For subgroups H; and H; of G, we write
H, ~ H, if there is a compact subset C of G, such that 1 ¢ CH>C and H, ¢ CH;C.

Remark 1.18. Note that d is not invariant under the equivalence relation ~.
For example, the Cartan decomposition G = KAK implies that G ~ A, but we have
d(4) = dim A4 # dim(4AN) = d(G).

The following two theorems state a version of the main results for even n.

THEOREM 11.5 ([OW3]). Assume G = SO(2, 2m), and let H be a closed, connected,
subgroup of G, such that neither H nor G/H is compact.
The homogeneous space G/H has a tessellation if and only if

(1) d(H) =2m, and
(2) either H ~ SO(1,2m) or H ~ SU(1, m).

THEOREM 11.5". Assume G =SU(Q2,2m), and let H be a closed, connected,
subgroup of G, such that neither H nor G/H is compact.
The homogeneous space G/H has a tessellation if and only if

(1) d(H) =4m; and
(2) either H~ SU(1, 2m) or H ~ Sp(1, m).

The subgroups H that arise in Theorems 11.5 and 11.5” can also be described
more explicitly (cf. 11.2" and 11.2” below).

Kobayashi [Kb7, 1.4] conjectured that if H is reductive and it is impossible to
construct a tessellation of G/H by using a certain more sophisticated version of
Lemma 1.10 (see 9.1), then G/H does not have a tessellation. The following lists
three special cases of this general conjecture.
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CONJECTURE 1.19. The homogeneous spaces

(a) SO, 2m + 1)/SU(1, m),
(b) SU(, 2m + 1)/Sp(1, m), and
(©) SU(2,2m+ 1)/SU(, 2m + 1)

do not have tessellations.

If this conjecture is true, then, for odd n, there is no interesting example of a
homogeneous space of SO(2, n) or SU(2, n) that has a tessellation.

THEOREM 11.1' ((OW3, Theorem 1.7], [IW]). Assume
G =S0(2,2m+1) or SUQ2,2m+ 1),

and let H be any closed, connected subgroup of G, such that neither H nor G/H is
compact.
If Conjecture 1.19 is true, then G/H does not have a tessellation.

The proof of Theorem 11.1' assumes the following special case proved by
Kulkarni [Kul, Corollary 2.10]. In short, Kulkarni noted that the Euler
characteristic of I'\G/H must both vanish (because the Euler characteristic of
G/H vanishes) and not vanish (by the Gauss-Bonnet Theorem). (Other results in
the same spirit, obtaining a contradiction from the study of characteristic classes
of I'\G/H, appear in [KO].)

THEOREM 1.20 (Kulkarni). If n is odd, then SO(2,n)/SO(1, n) does not have a
tessellation.

Let us give a more explicit description of the closed, connected subgroups H of
SO(2, 2m) or SU(2, 2m), such that G/H has a tessellation. This shows that if # is
even, then the Kulkarni-Kobayashi examples (1.11) and certain deformations are
essentially the only interesting homogeneous spaces of SO(2, n) or SU(2, n) that have
tessellations.

NOTATION 1.21 [Hel, Theorem 6.5.1, pp. 270-271], [Hc2, p. 180]. Fix an Iwasawa
decomposition G = KAN. Thus,

e K is a maximal compact subgroup,
e A is the identity component of a maximal split torus, and
e N is a maximal unipotent subgroup.

The following two results are stated only for subgroups of AN, because the general
case reduces to this (see 3.5). The reason is basically that H contains a connected,
cocompact subgroup that is conjugate to a subgroup of AN. (Clearly, if H' is any
cocompact subgroup of H, then G/H has a tessellation if and only if G/H' has a
tessellation.) This is not quite true in general, but the following lemma provides a
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satisfactory substitute, by showing that it becomes true after enlarging H by a
compact amount.

LEMMA 3.5, After replacing H by a conjugate subgroup, there is a closed, connected
subgroup H* of G, such that H* | H and H* /(AN N H*)° are compact, where (AN N H*)°
denotes the identity component of AN N H*.

THEOREM 11.2' (Oh-Witte [OW3, Theorem 1.7]). Assume G = SO(2, 2m), and let
H be a closed, connected, nontrivial, proper subgroup of AN.

The homogeneous space G/H has a tessellation if and only if H is conjugate to a
subgroup H', such that either

(1) H =80(1,2m)yN AN; or
(2) H belongs to a certain family {Hg)} of deformations of SU(1, m) N AN, described
explicitly in Theorem 9.7 (with F = R).

THEOREM 11.2”. Assume G = SU(2,2m), and let H be a closed, connected, non-
trivial, proper subgroup of AN.

The homogeneous space G/ H has a tessellation if and only if H is conjugate to a sub-
group H', such that either

(1) H' belongs to a certain family {H .} of deformations of SU(1, 2m) N AN, described
explicitly in Theorem 9.14; or

(2) H' belongs to a certain family {Hp} of deformations of Sp(1, m) N AN, described
explicitly in Theorem 9.7 (with F = C).

2. Cartan Projection and Cartan Decomposition Subgroups

The main problem in this paper is to determine whether or not a homogeneous space
G/H has a tessellation. This requires some method to determine whether or not a given
discrete subgroup I' of G acts properly discontinuously on G/H. Y. Benoist and
T. Kobayashi (independently) demonstrated that the Cartan projection y is an effective
tool to study this question. It is the foundation of almost all of our work in later sections.

In this section, we introduce the Cartan projection, and describe some of its basic
properties. First, however, we recall the notion of a proper action (a generalization
of properly discontinuous actions) and of a Cartan decomposition subgroup. At the
end of the section, we use the Cartan projection to briefly discuss the question of
when there is a loss of generality in assuming that G is connected.

2A. PROPER ACTIONS

DEFINITION 2.1 ([Kb6], Definition 2.11, [Pal], Definition 1.2.2, (6)). A topological
group L of homeomorphisms of a topological space M acts properly on M if, for
every compact subset C of M,

{ge L1CNgC+#@} is compact.
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Remark 2.2. It is important to note that a discrete group of homeomorphisms of
M acts properly on M if and only if it acts properly discontinuously on M.

For the special case where M = G/H is a homogeneous space, the following
lemma restates the definition of a proper action in more group-theoretic terms.

LEMMA 2.3 (JKb5, Obs. 2.1.3]). 4 closed subgroup L of G acts properly on G/H if
and only if, for every compact subset C of G, the intersection L N (CHC) is compact.

Proof. If C is any compact subset of G, then C = CH/H is a compact subset of
G/H; furthermore, any compact subset of G/H is contained in one of the form C.
We have

{(geLICngC#B}=(ge LI(CH)N(CH) #9)
={geLlge(CHXCH)™)
=LN(CHC™). O
This has the following well-known, easy consequence.
COROLLARY 2.4 (cf. [Kb5, Lemma 2.2(2)]). Suppose H, Hy, L, and L, are closed
subgroups of G. If

e L acts properly on G/H, and
e there is a compact subset C of G, such that Hy C CHC and L; € CLC,

then Ly acts properly on G/H;.

2B. CARTAN-DECOMPOSITION SUBGROUPS

The following definition describes the subgroups to which the Calabi-Markus
Phenomenon applies (cf. Example 1.6).

DEFINITION 2.5. We say that His a Cartan decomposition subgroup of Gif H ~ G
(see Notation 1.17).

Remark 2.6. From the Cartan decomposition G = KAK, we know that 4 is a
Cartan-decomposition subgroup.

Remark 2.7. Any conjugate of a Cartan decomposition subgroup is a Cartan
decomposition subgroup.

LEMMA 2.8 (Calabi-Markus Phenomenon, cf. [Kul, proof of Theorem A.1.2]). If
H is a Cartan-decomposition subgroup of G, and U is a discrete subgroup of G that acts
properly discontinuously on G/H, then T is finite.
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Proof. Because H is a Cartan-decomposition subgroup, there is a compact subset
C of G, such that CHC = G. However, from Lemma 2.3, we know that T N (CHC)) is
finite. Therefore

I=I'NG=Tn(CHC)
is finite. O

The following well-known, easy fact is a direct consequence of the Calabi-Markus
Phenomenon. It is an important first step toward determining which homogeneous
spaces have tessellations.

COROLLARY 2.9. If H is a Cartan-decomposition subgroup of G, such that G/H is
not compact, then G/H does not have a tessellation.

2C. THE CARTAN PROJECTION
NOTATION 2.10 ([Hel, Section 9.1, p. 402]).

e If G is connected, let A+ be the (closed) positive Weyl chamber of 4 in which
the roots occurring in the Lie algebra of N are positive (cf. 1.21). Thus, A% is a
fundamental domain for the action of the (real) Weyl group of G on 4.

e In the general case, let A be a closed, convex fundamental domain for the
action of the (real) Weyl group of G on 4, such that 4% is contained in the
(closed) positive Weyl chamber of A in which the roots occurring in the Lie
algebra of N are positive.

DEFINITION 2.11 ([Hel, Theorem 9.1.1, p. 402], [Ben, Kb6]). For each element g
of G, the Cartan decomposition G = KA* K implies that there is an element a of A™
with g @ KaK. In fact, the element a is unique, so there is a well-defined function
w. G — A% given by g @ Ku(g)K.

We remark that the function p is continuous and proper (that is, the inverse image
of any compact set is compact).

The following crucial result of Y. Benoist provides a uniform estimate on the
variation of u over disks of bounded radius. (A related result was proved, inde-
pendently and simultaneously, by T. Kobayashi [Kb5, Theorem 3.4].) The proof is
both elementary and elegant. However, it requires a bit of notation, so we postpone
it to Section 8B (and, for concreteness, we will assume that G is either SO(2, n) or
SU(2, n) in the proof).

PROPOSITION 2.12 ([Ben, Proposition 5.1]). For any compact subset C of G, there
is a compact subset C' of A, such that W(CgC) C u(g)C’, for all g & G.

NOTATION 2.13. For subsets U and ¥V of 4™, we write U ~ V if there is a compact
subset C of 4, such that U c VC and V ¢ UC.
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COROLLARY 2.14 ([Ben, Proposition 5.1], Kobayashi [Kb5, Theorem
1.1)). For any subgroups H) and H, of G, we have Hi~ H, if and only if
p(Hy) ~ p(H>).

Proof. (=) Let C be a compact subset of G, such that H; ¢ CH,C and
H, c CH,C. Choose a corresponding compact subset C' of 4, as in Proposition
2.12. Then

p(Hy) € p(CHLC) € w(Hp)C'
and, similarly, u(H,) C u(H)C'.
(&) Let C be a compact subset of A, such that u(H;)C p(H»)C and
u(Hy) C u(H,)C. Then

H, C Ku(H\)K C K(u(H,)C)K C K(KH,K)C)K
and, similarly, H, € KH,(KCK). O

The special case where I, = G (and H; is closed and almost connected) can be
restated as follows.

COROLLARY 2.15 (Benoist, Kobayashi). H is a Cartan decomposition subgroup of
G if and only if W(H) ~ A™.

COROLLARY 2.16 (cf. [Kb4, Lemma 3.2]). Assume that R-rank G = 1. The subgroup
H is a Cartan decomposition subgroup of G if and only if H is noncompact.

Proof. (<) We have u(e) = e, and, because y is a proper map, we have u(h) — oo
as h — oo in H. Because R-rank G = 1, we know that 4% is homeomorphic to the
half-line [0, oo) (with the point e in A corresponding to the endpoint 0 of the half-
line), so, by continuity, it must be the case that u(H#/) = A™. Then Corollary 2.15
implies that H is a Cartan decomposition subgroup, but we provide the following
direct proof that avoids any appeal to Proposition 2.12.

From the definition of u, we have KHK = K u(H ) K. Therefore

KHK = Kuy(H)K = KATK = G,
so H is a Cartan decomposition subgroup (by taking C = K in Definition 1.17). []

By using Lemma 2.3, the proof of Corollary 2.14 also establishes the following.

COROLLARY 2.17 ([Ben, Proposition 1.5], [Kb5, Corollary 3.5]). Suppose H and L
are closed subgroups of G. The subgroup L acts properly on G/H if and only if
u(L) N u(H)C is compact, for every compact subset C of A.

2D. DISCONNECTED GROUPS

As was mentioned in Remark 1.4, we may assume, without loss of generality, that H
is connected. However, it may not be possible to assume that G is connected,
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because, although there are no known examples, it is possible that the following
question has an affirmative answer.

QUESTION 2.18. Does there exist a homogeneous space G/H (satisfying Assump-
tion 1.3), such that G°/H° has a tessellation, but G/H does not have a tessellation?

If I' is a crystallographic group for G°/H®, then it is easy to see that I'\G/H is
compact. However, the following example shows that I may not act properly
discontinuously on G/H.

EXAMPLE 2.19. Let

e L=H=SL2,R),

e o be the automorphism of L x H that interchanges the two factors (that is,
a(x,y) = (y, %)),

o G = (L x H)x (o) (semidirect product), and

e I be a cocompact lattice in L (cf. 1.5(2)).

Then H= H°, and I is a crystallographic group for G°/H =(L x H)/H (see
Example 1.9).

However, I’ ¢ L =0¢"'Ho, so T does not act properly on G/H (see 2.3 with
C={o,c7'}).

Even so, G/H does have a tessellation, because the diagonal embedding

AT)={(p,y)eLxH|yeT}

is a crystallographic group for G/H. Thus, this example does not provide an answer
to Question 2.18.

In this example, o represents an element of the Weyl group of G that does not
belong to the Weyl group of G°. The following proposition shows that this is a
crucial ingredient in the construction.

PROPOSITION 2.20. Let T be a crystallographic group for G°/H°.

If the (real) Weyl group of G is same as the (real) Weyl group of G°, then T is a
crystallographic group for G/H.

Proof. By assumption, we may choose the same fundamental domain 4* for the
Weyl groups of G and G°. Let u: G — A™* and u°: G° — AT be the Cartan projections;
then p° is the restriction of u to G°. For simplicity, assume, without loss of generality,
that H C G° (for example, assume H is connected). Then, for any compact subset C
of A, we have

w@) N p(H)C =Ty N p*(H)C

is finite (see 2.17). Thus, I" acts properly discontinuously on G/H (see 2.17), as
desired. o
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A. Borel and J. Tits [BT, Corollary 14.6, p. 147] proved that if G is Zariski
connected, then every element of the Weyl group of G has a representative in G°.
Also, any element of the Weyl group must act as an automorphism of the root
system. Thus, we have the following corollary.

COROLLARY 2.21. Let I' be a crystallographic group for G°/H®.
If either

o G is Zariski connected, or
o cvery automorphism of the real root system of G° belongs to the Weyl group of the
root system,

then I is a crystallographic group for G/H.

EXAMPLE 2.22. 1) If G=S0(2,n), then G is Zariski connected (because
SO(n + 2, C) is connected [GdW, Theorem 2.1.9, p. 60]), so G/H has a tessellation if
and only if G°/H° has a tessellation.

2) More generally, if G° = SO(2,n)° or SU(2,n) (with n = 3), then every auto-
morphism of the real root system of G° belongs to the Weyl group of the root system
(cf. Figure 7.1), so G/H has a tessellation if and only if G°/H° has a tessellation.

EXAMPLE 223. If G=SL(3,R) % (¢), where ¢ is the Cartan involution of
SL(3, R), then ¢ represents an element of the Weyl group of G that does not belong
to the Weyl group of G°, so the proposition does not apply to G. However, this does
not matter: if neither H nor G/H is compact, then Theorem 1.8 implies that G°/H°®
has no tessellations, so G/H has no tessellations either.

3. Preliminaries on Subgroups of AN

This section recalls a technical result that often allows us to assume that H is a sub-
group of AN. It also recalls some basic topological properties of such subgroups, and
also recalls a simple observation relating these subgroups to the root spaces of the
Lie algebra g.

3A. REDUCTION TO SUBGROUPS OF 4N

DEFINITION 3.1 ([Hel, Theorem 9.7.2, p. 431]). An element g of G is:

e hyperbolic if g is conjugate to an element of A4;
e unipotent if g is conjugate to an element of ¥;
e c¢lliptic if g is conjugate to an element of K.

LEMMA 3.2 (Real Jordan Decomposition [Hel, Lemma 9.7.1, p. 430]). Each g &« G
has a unique decomposition in the form g = auc, such that

® a is hyperbolic, u is unipotent, and c is elliptic; and
® a, u, and ¢ all commute with each other.




TESSELLATIONS OF HOMOGENEOUS SPACES 129

Remark 3.3. If g = auc is the Real Jordan Decomposition of some element g of G,
then a, 4, and ¢ commute, not only with each other, but also with any element of G
that commutes with g. This is because the Real Jordan Decomposition of A~ 'gh is

W gh = (W ah) (W uh) (W ch):

if h~'gh = g, then the uniqueness of the Real Jordan Decomposition of g implies
hlah=a, h"'uh =u, and k- 'gh=c.

The following observation is a generalization of the fact that a collection of
commuting triangularizable matrices can be simultaneously triangularized.

LEMMA 3.4 (cf. proof of [Hm1, Theorem 17.6)). If H is abelian (or, more generally,
solvable), and is generated by hyperbolic and|or unipotent elements, then H is conjugate
to a subgroup of AN.

Because of the following result, we usually assume H C AN (by replacing H with a
conjugate of H').

LEMMA 3.5 (cf. [OWI1, Lemma 2.9]). If H is connected, then there is a closed,
connected subgroup H' of G and a compact, connected subgroup C of G, such that

(1) H is conjugate to a subgroup of AN;
(2) CH = CH' is a subgroup of G, and
(3) d(H") = d(H) (see Notation 1.14).

Moreover, it is easy to see from (2) that the homogeneous space G/H has a tessellation
if and only if G/H' has a tessellation.

Idea of Proof. First, let us note that every connected subgroup of AN is closed (see
3.15(1) and 3.18), so we do not need to show that H' is closed.

Second, let us note that (3) is a consequence of (1) and (2). To see this, let K* be a
maximal compact subgroup of CH that contains C. Then a standard argument
shows that K* N H is a maximal compact subgroup of H. (Because all maximal
compact subgroups of CH are conjugate, there is some g e CH, such that
(g 'K*g) N H is a maximal compact subgroup of H that contains K* N H. Since
C C K*, we know that C normalizes K*, so we may assume g € H; thus, g normalizes
H. Then g ' (K*NH)g= (g 'K*g)N H contains K*N H. Because K*NH is
compact, this implies that g normalizes K* N H. So K*NH =(g7'K*¢g)NH is a
maximal compact subgroup of H.) Therefore

dim(K*H/K*) = dim(H/(K* N H)) = dim H — dim(K* N H) = d(H).
Similarly, dim(K*H /K) = d(H'). Since K*H = CH = CH = K*H, we conclude
that d(H') = d(H), as desired.

Case 1. Assume H is semisimple. We have an Iwasawa decomposition H =
KHAHNH; let H = AHNH and C = KH-
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Case 2. Assume H = {h'} is a one-parameter subgroup. Let

o /' = a'v'c' be the Real Jordan Decomposition of #* (see 3.2);
o H ={d'u'}; and
e C ={c'} be the closure of {c'}.

(Lemma 3.4 implies that H' is conjugate to a subgroup of 4AN.)

Case 3. Assume H is Abelian. We may write H as a product of one-parameter
subgroups:

H={h'h} b |t,... . t, e R}

Let ht = ajujcj be the Real Jordan Decomposition of h’ (see 3.2). Note that a
and cJ commute, not only with each other, but also with every a , uk, and cfc"

(see 3.3). Let

H = {(aluf)aZu})---(aful) | t, ..., t, « R},

and let C = {c—{}{c_i} (Lemma 3.4 implies that H’ is conjugate to a subgroup of
AN))

Case 4. The general case. From the Levi decomposition [Jac, p. 91], we know that
there is a connected, semisimple subgroup L of H and a connected, solvable, normal
subgroup R of H, such that H = LR (and L N R is finite). Let U=[H, R], so Uis a
connected, normal subgroup of H, and U is conjugate to a subgroup of N (cf. [Jac,
Corollary 2.7.1, p. 51]). By modding out U, we (essentially) reduce to the direct
product of Cases 1 and 3. O

Remark 3.6. For H and H' as in Lemma 3.5, Proposition 3.20 (and 3.18) implies
that if H' #* AN, then AN/H' is not compact; also, Proposition 3.15(3) (and 3.18)
implies that if H' # e, then H is not compact. Therefore,

o H = AN if and only if G/H is compact; and
e H' =eif and only if H is compact.

Thus, if neither H nor G/H is compact, then H' is a nontrivial, proper subgroup of
AN.

3B. TOPOLOGY OF SOLVABLE GROUPS AND THEIR HOMOGENEOUS SPACES

Everything is this subsection is well known, though somewhat scattered in the
literature. The main results are Propositions 3.15 and 3.20, which, together with
Corollary 3.18, show that connected subgroups of AN and their homogeneous spaces
are very well behaved topologically. Corollary 3.19, on the homology of very simple
quotient spaces, is also used in later sections.
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We begin with the easy case of Abelian groups. This lemma generalizes almost ver-
batim to solvable groups (see 3.15), but the proof in that generality is not as trivial.

LEMMA 3.7 ([Var, Theorem 3.6.2, p. 196]). Let R be a 1-connected, Abelian Lie group.

(1) If H is a connected subgroup of R, then H is closed, simply connected, and
isomorphic to R¥, for some k.

(2) If H and L are connected subgroups of R, then H N L is connected.

(3) If C is a compact subgroup of R, then C is trivial.

Proof. Because R is Abelian and 1-connected, the exponential map is a Lie group
isomorphism from the additive group of the Lie algebra t onto R.

(1) Let k = dim H. Because the exponential map is a Lie group isomorphism (hence
a diffeomorphism), and because § is a closed k-submanifold of t, we know that
exp(}) is a closed k-submanifold of R. Of course, exp(})) is contained in A, which
is also a k-submanifold of R. Because the dimensions are the same, we know that
exp(h) is open in H. Also, because exp(h) is closed in R, we know that exp(h) is
closed in H. Therefore

exp(h) = H (3.8)

(because H is connected). Finally, we know that exp [y is a diffeomorphism from
its domain § ~ R¥ onto its image H.

(2) From (3.8), we have exp(§) = H and, similarly, exp(l) = L. Also, because exp is
bijective, we have exp§) Nexpl = exp(h) N1). Therefore

HNnL=cexphnexpl=exphnl)

is connected.

(3) Because R* is not compact (for k > 0), we know, from 3.7(1), that C° is trivial; so
C is finite. Since R =2 (t, +) = R? has no elements of finite order, we conclude
that C is trivial. O

As is usual in the theory of solvable groups, the main results of this section are
proved by induction, based on modding out some normal subgroup L. To be
effective, this method requires an understanding of the quotient space R/L. The
information we need (even if L is not normal) comes from the following elementary
observation, because R is a principal L-bundle over R/L.

LEMMA 3.9. Let P be a principal H-bundle over a manifold M.

(1) If H is diffeomorphic to R®, then
(a) P is H-equivariantly diffeomorphic to M x H, so
(b) P is homotopy equivalent to M.

(2) If M is diffeomorphic to R”, then
(a) P is H-equivariantly diffeomorphic to M x H, so
(b) P is homotopy equivalent to H.
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Proof. Any principal bundle with a section is trivial [Hus, Corollary 4.8.3, p. 48].
If either the fiber or the base is contractible, then there is no obstruction to
constructing a section [Hus, Theorem 2.7.1(H1), p. 21], so P is trivial: P >~ M x H.
(The diffeomorphism can be taken to be H-equivariant, with respect to the natural
H-action on M x H, given by (m, h)i' = (m, h#').) Then the conclusions on homo-
topy equivalence follow from the fact that R” is contractible (that is, homotopically
trivial). [}

We recall the long exact sequence of the fibration H — R — R/H:

LEMMA 3.10 ((Whi, Corollary IV.8.6, p. 187]). Let H be a closed subgroup of a Lie
group R. There is a (natural) long exact sequence of homotopy groups:

coo = (H) = 1 (R) = m(R/H) = ng(H) = 19(R) — mp(R/H) — 0.

CORROLLARY 3.11. Let H be a closed subgroup of a 1-connected Lie group R. The
homogeneous space R/H is simply connected if and only if H is connected.

Proof. Because R is 1-connected, we have m(R) = ng(R) =0, so, from (3.10),
we know that the sequence

00— m(R/H)— ng(H) —> 0

is exact. Thus, n1(R/H) = ng(H), so the desired conclusion is immediate. a8

As a step toward Proposition 3.15, we prove two special cases that describe the
topology of normal subgroups.

LEMMA 3.12. If R is a 1-connected, solvable Lie group, then R is diffeomorphic to R?,
for some d.

Proof. We may assume the group R is non-Abelian (otherwise, the desired con-
clusion is given by Lemma 3.7(1)). Then, because R is solvable, there is a nontrivial,
connected, proper, closed, normal subgroup L of R. Since R/L is simply connected
(see 3.11), and dim(R/L) < dim R, we may assume, by induction on dim R, that R/L
is diffeomorphic to some R%. Therefore

(a) R is diffeomorphic to (R/L) x L and

(b) L is homotopy equivalent to R

(see 3.9(2)). Because R is l-connected, (b) implies that L is l-connected; hence,
Lis a 1-connected, solvable Lie group, so we may assume, by induction on dim R, that

L is diffeomorphic to some R%. Thus, (a) implies that R is diffeomorphic to
R% x R% ~ R%+% a5 desired. o

COROLLARY 3.13 (of proof). If R is a 1-connected, solvable Lie group, then every
connected, closed, normal subgroup of R is 1-connected.
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The following proposition is a nearly complete generalization of Lemma 3.7 to the
class of solvable groups. There are two exceptions:

(1) Of course, subgroups of a solvable group may not be Abelian, so the conclusion
in 3.7(1) that H is isomorphic to some R* must be weakened to the conclusion
that H is diffeomorphic to some RX.

(2) The intersection of connected subgroups is not always connected (see 3.14), so
we add the restriction that L is normal to 3.7(2). (We remark that no such restric-
tion is necessary if R C AN, because the exponential map is a diffeomorphism
from t onto R in this case [Dix, Sail.)

EXAMPLE 3.14. Let

e x4y 0 e2nit (g
R= 0 1 0 |it,x,yeR}, g=] 0 1 0],
0 0 e 0 0 ¢
110 et it _ 1
u=|0 1 0, H=uwlgu=]| 0 1 0
0 0 0 0 0 e

Then R, being diffeomorphic to R3, is 1-connected; and {g'} and {4} are connected
subgroups. But

1 0 0
GinFr={1l0 1 0||neZ
0 0 ¢

is not connected.

PROPOSITION 3.15 ([Hc2, Theorems 12.2.2 and 12.2.3, pp. 137-138]). Let R be a
1-connected, solvable Lie group.

(1) If H is a connected subgroup of R, then H is closed, simply connected, and diffeo-
morphic to some R4

(2) If H and L are connected subgroups of R, and L is normal, then H N L is connected.

(3) If Cis a compact subgroup of R, then C is trivial.

Proof. (2) We may assume L is nontrivial, so dim(R/L) < dim R. Thus, by
induction on dim R, using (1), we may assume that HL/L is a closed, simply connected
subgroup of R/L. Then, since H/(H N L) is homeomorphic to HL/L, we see that

H/(HN L) is simply connected, (3.16)
so Lemma 3.11 implies that H N L is connected.
(1) Because R is solvable, there is a connected, closed, proper, normal subgroup L

of R, such that R/L is Abelian. We know that L is 1-connected (see 3.13), so, by
induction on dim R, we may assume that every connected subgroup of L is closed
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and simply connected. From (2), we know that H N L is connected, so we conclude
that HN L is closed, and

m(HNL) = 0. (3.17)

From (3.10) (with H in the place of R, and L in the place of H), together with (3.16)
and (3.17), we conclude that n(H) = 0; that is, H is simply connected. So (3.12)
implies H is diffeomorphic to some RY.

Because both HL/L and HN L are closed, it is not difficult to see that H is closed.

(3) Because R is solvable, there is a connected, closed, proper, normal subgroup L
of R, such that R/L is Abelian. We know that R/L is 1-connected (see 3.11), so R/L
has no nontrivial, compact subgroups (see 3.7(3)); thus, we must have C C L. There-
fore, C is a compact subgroup of L. Then, since L is 1-connected (see 3.13), we may
conclude, by induction on dim R, that C is trivial. 8

COROLLARY 3.18. AN is a 1-connected, solvable Lie group.

Proof. Because G is linear, it is a subgroup of some GL(#, R). Replacing G by a
conjugate, we may assume that AN is contained in the group B of upper triangular
matrices with positive diagonal entries (cf. 3.4). The matrix entries provide
an obvious diffeomorphism from B onto (R*)" x R™ D2 ~ RMD/2 g6 B is
l-connected. Thus, Proposition 3.15(1) implies that AN is simply connected. O

The following observation will be used in Sections 4 and 9.

COROLLARY 3.19. Let F be a connected subgroup of AN, and suppose we have a
proper, C* action of F on a manifold M. Then M and M/F have the same homology.

Proof. Because the action is proper, we know that the stabilizer of each point of
M is compact. However, F has no nontrivial compact subgroups (see 3.15(3)). Thus,
the action is free.

Because the action is free, proper, and C*, it is easy to see that the manifold M is a
principal fiber bundle over the quotient M/F [Pal, Theorem 1.1.3]. Furthermore, the
fiber F of the bundle is contractible (see 3.15(1)), so Lemma 3.9(1) implies that M
homotopy equivalent to M/F. Therefore, the spaces M and M/F have the same
homology. O

For the special case where M/F is a homogeneous space of a solvable group, the
following more detailed result describes the topology of M/F, not just its homology.

PROPOSITION 3.20 (Mostow [Mos, Proposition 11.2]). If H is any connected
subgroup of a 1-connected, solvable Lie group R, then R/H is diffeomorphic to the
FEuclidean space Rd, for some d.

Proof. Because R is solvable, it has a nontrivial, connected, closed, Abelian,
normal subgroup L. Since L is Abelian and H N L is connected (see 3.15(2)), we know
that L/(H N L) is a 1-connected Abelian group (see 3.11), so it is isomorphic to some
R (see 3.7(1)).
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We know H is closed (see 3.15(1)). Also, since L is nontrivial, we have
dim (R/L) < dim R, so we may assume, by induction on dim R, that
R/(HL) >~ (R/L)/(HL/L)
is diffeomorphic to some R%.

Now R s a principal HL-bundle over R/(HL). Because R/(HL) ~ R%, this bundle
is trivial (see 3.9(2)): R is HL-equivariantly diffeomorphic to R/(HL) x HL. Then
R/H~ R/(HL) x HL/H ~ R/(HL) x L/(HN L) ~ R% x R% = R4+%
as desired. [

3C. T-INVARIANT SUBSPACES OF a+n

The following well-known observation puts an important restriction on the sub-
spaces of a + 1 that are normalized by a torus. It is an ingredient in our case-by-case
analysis of all possible subgroups of AN in Sections 10 and 11.

LEMMA 3.21. Let

e @V be the set of weights of A on 11 (in other words, the set of all positive real roots
of G);

o T be a subgroup of A,

e wedT U0}

e =% = ®a|1=wlr Ny, where the sum is over all o &« T U{0}, such that the
restriction of o to T is the same as the restriction of o to T;

* N = Dy, 4wi, o Where the sum is over all o € ®U{0}, such that the
restriction of o to T is not the same as the restriction of @ to T.

If u is any R-subspace of a + 1 normalized by T, then 1 = (11 N 11=2) & (U N N7®).

Proof. Since T C A, we know that the elements of AdgT are simultaneously
diagonalizable (over R), so their restrictions to the invariant subspace u are
also simultaneously diagonalizable (cf. [ZS, Theorems 26 and 27 in Section 3.12,
pp. 167-168]). Thus, u is a direct sum of weight spaces:

u:@u‘l,.

ye®
For each weight y of T on u, we have
Uy =unmny=unn-,
S0
Uy, =unn-*
and
P uy =unn*.
y#olr

The conclusion follows. O
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4. Lower Bound on the Dimension of H

In this section, we prove Corollary 4.12, an a priori lower bound on dim H. On the
way, we recall a result of T. Kobayashi that will also be used several times in later
sections, and we establish that crystallographic groups have only one end.

4A. T. KOBAYASHI'S DIMENSION THEOREM

The following theorem is essentially due to T. Kobayashi. (Kobayashi assumed
that H is reductive, but H. Oh and D. Witte [OW3, Theorem 3.4] pointed out that,
by using Lemma 3.5, this restriction can be eliminated.) The proof here is based on
Kobayashi’s original argument and the modifications of Oh and Witte, but uses less
sophisticated topology. Namely, instead of group cohomology and the spectral
sequence of a covering space, we use only some basic properties of homology
groups of manifolds (including Lemma 3.19). These comments also apply to
Theorem 9.1.

THEOREM 4.1 ([Kb3, Theorem 1.5], [Kbl, Theorem 4.7]). Let H and H| be closed,
connected subgroups of G, and assume there is a crystallographic group T for G/H,
such that I acts properly discontinuously on G/H,. Then:

(1) We have d(H,) < d(H).
(2) If d(Hy) = d(H), then I'\G/H\ is compact, so G/H, has a tessellation.

Proof. By Lemma 3.5, we may assume H, Hy C AN. (So d(H) =dim H and
d(H,) = dim H (see 1.16).)

From Lemma 3.19, we know that I'\G and I'\G/H; have the same homology.
Therefore

max{ k| He(T\G) # 0} = max{ k | Hx(D\G/H)) # 0} < dim G/Hj,

with equality if and only if I'\G/H; is compact [Dol, Corollary 8.3.4, p. 260].
Similarly, we have

max{ k| Hi(I'\G) # 0} = dim G/H.

Combining these two statements, we conclude (1) that dim G/H < dim G/H; and,
furthermore, (2) that equality holds if and only if I'\G/H is compact.

COROLLARY 4.2 (Kobayashi). Let H and H| be closed, connected subgroups of G,
such that d(H,) > d(H). If there is a compact subset C of A, such that u(Hy) C u(H)C,
then G/H does not have a tessellation.

Proof. Suppose I' is a crystallographic group for G/H. (This will lead to a
contradiction.) Because I" acts properly discontinuously on G/H, the assumption
on u(H;) implies that I" also acts properly discontinuously on G/H; (cf. 2.17).
So Theorem 4.1(1) yields a contradiction. O




TESSELLATIONS OF HOMOGENEOUS SPACES 137

4B. CRYSTALLOGRAPHIC GROUPS HAVE ONLY ONE END

It is easy to see that crystallographic groups are finitely generated; we now show that
they have only one end (see 4.9).

DEFINITION 4.3 (cf. [Gro, 0.2.45, p. 4]). Let F be a finite generating set for an
(infinite) group I'. We say that T" has only one end if, for every partition
I'= A4, U A4, U C of " into three disjoint sets 4;, 4;, and C, such that 4; and 4, are
infinite, but C is finite, there exists y € 4; and f « FU F~!, such that yf € 4,. (This
does not depend on the choice of the generating set F.)

The following observation is a straightforward reformulation of Definition 4.3
(obtained by letting 4, = I'\(4; U (') and C = C'\ 4;).

LEMMA 4.4. Let F be a finite generating set for an infinite group I that has only one
end. If Ay and C' are subsets of T, such that

e Ay is infinite,
o (' is finite, and
o Aife A UL, for every f @& FUFL

then the complement T\ A1 is finite.

Remark 4.5 (cf. [Coh, pp. 25-26, p. 32, and Proposition 2.14]). Definition 4.3 is
often stated in the language of Cayley graphs: The Cayley graph of I, with respect to
the generating set F, is the graph Cay(I'; F) whose vertex set V' and edge set E are
given by:

V= F;
E={(¥)|yel.fe FUF}.

The group I has only one end if and only if, for every finite subset C of T, the graph
Cay(I'; F)\C has only one infinite component.

The following lemma is not difficult, but, unfortunately, we do not have a proof
that is both short and elementary.

LEMMA 4.6 (see proof of Lemma 10.7(1)). If HN = AN, then, for some x € N, the
conjugate x~'Hx is normalized by A.

COROLLARY 4.7. If d(G) — d(H) < 1, and G/H is not compact, then G/H does not
have a tessellation.
Proof. It suffices to show that H is a Cartan decomposition subgroup of G (see 2.9).
We may assume, without loss of generality, that H C AN (see 3.5) then

dimH+ 1 =dH)+1 > d(G) = dim(4AN)
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(see 1.16 and 1.15). A theorem of B. Kostant [Kos, Theorem 5.1] implies that Nis a
Cartan decomposition subgroup, so we may assume N ¢ H; then dim(HNN) <
dim N — 1. Therefore

dim(HN) =dim H+dim N —~dim(HNN) > dim H + 1 = dim(4N).

Hence HN = AN, so, from Lemma 4.6, we see that, after replacing H by a conjugate
subgroup, we may assume that H is normalized by 4. Then, letting o =0and 7' = 4
in (3.21), we see that ) = (§ N a) + (h N n). Since HN = AN, we have j +n=a + 1,
so this implies that a C ; therefore H contains 4. Since 4 is a Cartan decomposition
subgroup (see 2.6), this implies H is a Cartan decomposition subgroup, as desired.

O

DEFINITION 4.8 (cf. [Gro, 0.2.45, p. 4]). A topological space M is connected at
oo if every compact subset C is contained in a compact subset ', such that the
complement M ~.C is connected.

PROPOSITION 4.9. If T is a crystallographic group for G/H, then T is finitely
generated and has only one end.

Proof. Assume, without loss of generality, that H C AN (see 3.5). Then H is
torsion free, so I must act freely on G/H; therefore I'\G/H is a compact manifold
(rather than an orbifold). Because I' is essentially the fundamental group of I'\G/H
(specifically, I" = n;(I'\G/H )/=;(G/H)), and the fundamental group of any compact
manifold is finitely generated [Rag, Theorem 6.16, p. 95] we know that I" is finitely
generated.

From the Iwasawa decomposition G = KAN, we see that G/H is homeomorphic
to K x (AN/H), and Proposition 3.20 asserts that AN/H is homeomorphic to R,
for some d. Obviously, we must have d = dim(AN) — dim H, and we may assume
G/H is not compact (otherwise, I" is finite, so the desired conclusion is obvious),
so Corollary 4.7 implies that d > 1. Thus, we conclude that G/H is connected at oo.

To complete the proof, we use a standard argument (cf. [Gro 0.2.Cy, p. 5]) to show
that, because G/H is connected at oo and I'\G/H is compact, the group I" has only
one end. To begin, note that there is a compact subset C of G/H, such that
I'C=G/H. Let

Fy={fel'[CNfC#0}

(cf. [PR, (i1), p. 195]). Because I" acts properly discontinuously on G/H, we know
that Fj is finite; let F be a finite generating set for I', such that Fy C F.

Suppose I' = 41 U 4, U C, with |4;] = |43] = o0 and |C| < |eo]. (We wish to
show there exist y € 41 and f € F, such that yf € 4,; this establishes that I" has
only one end.) Because G/H is connected at oo, there is a compact subset C' of
G/H, containing CC, such that (G/H)~C’ is connected. Because CC C C’, we have

(G/H)C = (I'C)NC C 4,C U A,C.
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Because I' acts properly discontinuously on G/H, we know A4;C and A4,C are
closed (and neither is contained in C'), so connectivity implies that 4;C N 4,C # @:
there exist y € 4; and y’ @ 45, such that yCNy'C # @. Let f=9"'y'; then y @ 4,
=7y @ Az, and

CNfC=y"'(rCNyC) +#0,
so f @ Fy C F, as desired.

4C. WALLS OF 4+ AND A LOWER BOUND ON d(H)
PROPOSITION 4.10. Assume R-rank G = 2. Let

® Ly and L, be the two walls of A*, and
o I be a crystallographic group for G/H.

If H is not compact, then there exists k @ {1, 2}, such that, for every compact subset C
of A, the intersection u(I") N Ly C is finite.

Proof. (cf. Figure 4.1). Suppose there is a compact subset C of 4, such that each
of u(I)yN L1 C and u(I') N L,C is infinite. (This will lead to a contradiction.) Let F be
a (symmetric) finite generating set for I" (see 4.9). We may assume C is so large that
u(yF) C u(y)C for every y € T (see 2.12). We may also assume that C is convex and
symmetric.

Because I' acts properly on G/H, there is a compact subset C of 4, such that
u(HYCNp() c C (see 2.17). Furthermore, we may assume that p(L;)CN
u(L;)C c C.

Let

o M= Uyer p(@)CNC,

e M/ be the union of all the connected components of M that contain a point of
Ly, and

o A =T nu (M)

(b)

Figure 4.1. Proposition 4.10: (a) (') cannot be on both sides of u(H), because I' has only one end.
(b) Therefore, u(I') stays away from L.
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Then A; is infinite (because u(I') N L;C is infinite). Also, for any y € 4, and f € F,
we have u(yf) € u(y)C, so yf € A1 Uu~}(C). Since T has only one end (see 4.9), this
implies I'~\. 4; is finite (see 4.4). Because u(I") N L,C is infinite, we conclude that
MiNL,# ?.

Because u(H) separates L; from L,, and every connected component of M
contains a point of L;, we conclude that u(H) N M; # @. This contradicts the fact
that w(H)C N w() c C. [}

COROLLARY 4.11. Assume R-rank G = 2. Let

(1) Ly and L, be the two walls of A™; and
(2) Hy and H, be closed, connected, nontrivial subgroups of G,

such that
u(H) =~ Ly

for k=1,2. If H is not compact, then any crystallographic group for G/H acts
properly discontinuously on either G/H| or G/H,.

Proof. Suppose I' acts properly discontinuously on neither G/H)| nor G/H,. (This
will lead to a contradiction.) From Proposition 2.17, we know there is a compact
subset C of 4, such that each of w(I") N u(H,)C and w(I") N u(H,)C is infinite. Then,
since u(Hy) =~ L, we may assume (by enlarging C) that each of u(I')N L;C and
w() N LyC is infinite. This contradicts the conclusion of Proposition 4.10. O

COROLLARY 4.12. Assume R-rank G = 2. Let

(1) Ly and L, be the two walls of AT; and
(2) H, and H; be closed, connected, nontrivial subgroups of G,

such that
w(Hy) ~ Ly

for k=1,2. If G/H has a tessellation, and H is not compact, then
d(H) > min{d(H,), d(H,)}.

Proof. The desired conclusion is obtained by combining Corollary 4.11 with
Theorem 4.1(1). O

Remark 4.13. For G = SL(3, R), there does not exist a connected subgroup Hy,
such that u(H;) ~ L; (in the notation of the proof of (6.3), note that ©(L;) % Ly).
Thus, Corollary 4.12 does not provide a lower bound on d(H) in this case.

5. One-Dimensional Subgroups

Although the following conjecture does not seem to have been stated previously in
the literature, it is perhaps implicit in [OW3].



TESSELLATIONS OF HOMOGENEOQOUS SPACES 141
CONJECTURE 5.1. If d(H) = 1, then G/H does not have a tessellation.

In this section, we use known results to establish that the conjecture is valid in two
cases: if either R-rank G < 2 (see 5.9) or G is almost simple (see 5.13). Each of these
illustrates a general theorem: for groups of real rank two, the conjecture follows
from a theorem of Y. Benoist and F. Labourie that is based on differential geometry;
H. Oh and D. Witte observed that, for simple groups, the conjecture follows from a
theorem of G. A. Margulis that is based on unitary representation theory.

The following example is the only case of Conjecture 5.1 that is needed in later
sections. (It is used in the proof of Theorem 1.8.) Because R-rank (SL(3,F)) =2
and SL(3,F) is almost simple, this example is covered both by the theorem of
Benoist-Labourie and by the theorem of Margulis, but it would be interesting to
have an easy proof.

PROPOSITION 5.2 (see 5.9 or 5.13). Assume G = SL(3,F), for F=R, C, or H,
and let

et 0 0
H=1lo ¢ o ||lter}co (5.3)
0 0 e¥

Then G/H, does not have a tessellation.
Let us begin with an easy observation.

LEMMA 54. If d(H) = 1 and R-rank G = 1, then G/H does not have a tessellation.
Proof. We may assume H C AN (see 3.5). From (2.16), we know that H is a
Cartan-decomposition subgroup, so Lemma 2.9 implies that G/H must be compact;
thus, the trivial group e is a crystallographic group for G/H. However, since
dG)=dimA+dimN=1+1>1=dH)
(see 1.15), and e acts properly discontinuously on G/G, this contradicts Theorem

4.1(1). O

Remark 5.5. The proof of Lemma 5.4 shows that the dimension of every
connected, cocompact subgroup of G is at least d(G). This is a result of M. Goto and
H.-C. Wang [GtW, (1.2), p. 263].

SA. THE THEOREM OF BENOIST AND LABOURIE
THEOREM 5.6 ([BL, Corollary 3]). If

e H is reductive,
o neither H nor G/H is compact, and
e H contains a nontrivial element of A in its center,

then G/H does not have a tessellation.
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The following special case is sufficient for our needs.

COROLLARY 5.7. If H is a one-dimensional subgroup of A, then G/H does not have
a tessellation.

NOTATION 5.8 ([Ben, p. 320]). Let t be the opposition involution in A™; that is, for
a € AT, 1(a) = p(a") is the unique element of A* that is conjugate (under an element
of the Weyl group) to a~!. Thus, for all # € G, we have

u(h™h) = t(u(h)).
See (6.1) for an explicit description of the opposition involution in G = SL(3, R).
For some groups, such as G = SO(2, n), we have u(h~!) = u(h) for all h € G (see
8.14); in such a case, the opposition involution is simply the identity map on A™.

COROLLARY 59. If d(H)=1 and R-rank G < 2, then G/H does not have a
tessellation.

Proof. Suppose T is a crystallographic group for G/H. (This will lead to a
contradiction.)

From (5.4), we know R-rank G = 2. Let I, and L, be the two walls of 4 and,
for ke {1,2}, let Hy =Ly UL,:l. Because L, is a ray (that is, a one-parameter
semigroup), it is clear that Hy is a subgroup of 4.

From Proposition 4.10, we know that there is some & & {1, 2}, such that

w(I) N L C is finite,

for every compact subset C of A. Since T' =T, we have o(uw(I')) = w(T), so this
implies that

(1) N T(L)C is finite,

for every compact subset C of 4. Also, because Ly C AT, we have u(Ly) = Ly, so
u(Hy) = p(Lie U LiY) = p(Le) U t(u(La)) = Li U e(Ly).

Therefore
u@) N uH)C = (WI) N L O U () N 1(Le)C) is finite,

for every compact subset C of 4. Hence, Corollary 2.17 implies that T" acts properly
discontinuously on G/Hy. Then, because d(H) =1 = d(H;) (see 1.16), Theorem
4.1(2) implies that G/Hy has a tessellation. This contradicts Corollary 5.7. ]

5SB. THE THEOREM OF MARGULIS

DEFINITION 5.10 ([Mr2, Definition 2.2, Remark 2.2]). The subgroup H is tem-
pered in G if there exists a (positive) function f& L'(H) (with respect to a left-
invariant Haar measure on H ), such that whenever
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e 7 is a unitary representation of G, and
e 0 is the only vector that is fixed by every element of 7(G°),

we have

Kn(me 1Y) < fWlolliv
for all # € H and all K-fixed vectors ¢ and .

For many examples of tempered subgroups of simple Lie groups, see [Oh]. We
need only the following example, which is a consequence of important work of
Howe [How, Corollary 7.2 and Section 7] and Cowling [Cow, Theorem 2.4.2] on
the decay of matrix coefficients (see also [KS, Section 3, p. 140]). (The assumption
that R-rank G > 2 can be relaxed: it suffices to assume that G is not locally
isomorphic to SO(1, n) or SU(1, n).)

LEMMA 5.11 ([OW3, Proposition 3.7]). Assume G is simple, and R-rank G = 2. If H
is a one-parameter subgroup of AN, then either

(1) H is tempered; or
(2) HCN.

THEOREM 5.12 ([Mr2, Theorem 3.1]). If H is noncompact and tempered, then G/H
does not have a tessellation.

COROLLARY 5.13 (JOW3, Proposition 3.7]). If d(H) =1 and G is simple, then
G/H does not have a tessellation.

Proof. We may assume H C AN (see 3.5), so dimH = d(H) = 1 (see 1.16).

If R-rank G < 2, then Lemma 5.4 applies.

If H C N, then Lemma 5.14 below applies.

If R-rankG > 2 and H ¢ N, then Lemma 5.11 implies that H is tempered, so
Theorem 5.12 applies. O

LEMMA 5.14. If d(H) =1 and H C N, then G/H does not have a tessellation.
Proof [OW3, Proposition 3.7]. We have dim H =d(H) =1 (see 1.16), so His a
connected, one-dimensional, unipotent subgroup. Hence, the Jacobson-Morosov
Lemma [Hel, Theorem 9.7.4, p. 432] implies that there exists a connected, closed
subgroup H; of G, such that Hp contains H, and H; is locally isomorphic to
SL(2, R). Then H is a Cartan decomposition subgroup of H; (see 2.16), so there is a
compact subset C of A, such that w(H;) C u(H)C (see 2.12). Also, we have
d(H1) =2 > 1 = d(H). Therefore, Theorem 4.2 applies. O

6. Homogeneous Spaces of SL(3, R), SL(3, C), and SL(3, H)

Benoist [Ben, Corollary 1] and Margulis (unpublished) proved (independently)
that SL(3, R)/SL(2, R) does not have a tessellation. Much earlier, Kobayashi
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(cf. [Kb2, Example 7]) had shown that the conclusion is true if R replaced with
either C or H. Using Benoist’s method, Oh and Witte [OW3, Proposition 1.10]
generalized the Benoist-Margulis result by replacing SL(2, R) with any closed,
connected subgroup H, such that neither A nor SL(3, R)/H is compact. (The same
argument applies when R is replaced with either C or H, so the Kobayashi result
also generalizes.) However, the proof of Benoist (which applies in a more general
context) relies on a somewhat lengthy argument to establish one particular lemma.
Here, we adapt Benoist’s method to obtain a short proof of Theorem 1.8 that avoids
any appeal to the lemma.

NOTATION 6.1. Assume G = SL(3,F), for F =R, C, or H.

® Lect 7 be the opposition involution in AT (see 5.8);
® Let BY = {ae A |1(a) = a}.

More concretely, we have

a 0 0 ai,ay, a3 € R,
AT = 0 a 0 aaaz =1, ;
0 0 a aZza>a
a 0 0 al 0 0
0 a Ol=]l0 &' 0|
0 0 a 0 0 ay!
a 0 0
Bt = 01 0 a=1
0 0 a!

LEMMA 6.2. If G =SL(3,F) and d(H) = 1, then G/H does not have a tessellation.

Proof. Since R-rank G = 2, the desired conclusion follows from Corollary 5.9;
since G is simple, it also follows from Corollary 5.13. However, we give a proof that
requires only the special case described in Proposition 5.2, rather than the full
strength of (5.9) or (5.13).

Suppose T is a crystallographic group for G/H. (This will lead to a contradiction.)
Let L; and L, be the two walls of 4*. From Proposition 4.10, we know that there
exists k @ {1, 2}, such that w(I")C N Ly is finite, for every compact subset C of A4.

Because I'"! = TI", we have t(u(I")) = u(I'). On the other hand, 7 interchanges L,
and I,. Thus, the preceding paragraph implies that u(I')CN (L, U Ly) is finite, for
every compact subset C of 4.

For H, as in (5.3), we have u(H;) = L; U L,, so the conclusion of the preceding
paragraph implies that I" acts properly discontinuously on G/H; (see 2.17). Now
Theorem 4.1(2) implies T'\G/H; is compact; thus, G/H; has a tessellation. This
contradicts Proposition 5.2. O
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For completeness, we include the proof of the following simple proposition.

PROPOSITION 6.3 ([OW3, Proposition 7.3]). Assume G =SL3,F). If H is a
closed, connected subgroup of AN with dim H = 2, then Bt C u(H).

Proof (cf. Figure 6.2 and proof of 8.19). Since H C AN and dim H > 2, it is easy
to construct a continuous, proper map ®: [0,1] x RT — H such that &(1,7) =
®(0,£)7", for all r @ R* (cf. Figure 6.1). For example, choose two linearly inde-
pendent elements u and v of §), and define

D(s, ) = exp(t cos (ns)u + ¢ sin(zs)v).

If we identify A with its Lie algebra a, then A™ is a convex cone in a and the oppo-
sition involution 7 is the reflection in A" across the ray B*. Thus, for any a € AT,

O(s,1)

Id

@(1,1) = DO,7) L (0,1)

Figure 6.1. Construction of (s, ¢).

W(D(1,1) = ((D(0.))

W(@©0.)

Figure 6.2. Proposition 6.3: u(H) is on both sides of B, so it must contains B*.
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the points a and t(a) are on opposite sides of B, so any continuous curve in A* from
a to t(a) must intersect B*. In particular, for each ¢ € R™, the curve

(@, )10 <s < 1}

from w(®(0, )) to u(d(1, 7)) must intersect BT. Thus, we see, from an elementary
continuity argument, that u[®([0, 1] x R*)] contains B*. Therefore, B is contained
in u(H). @

Proof of Theorem 1.8 (cf. Figure 6.3 and proof of 4.12). Suppose T is a crystal-
lographic group for G/H. (This will lead to a contradiction.) We may assume
H C AN (see 3.5).

Let F be a (symmetric) finite generating set for I', and choose a compact, convex,
symmetric subset C of 4 so large that u(yF) C u(y)C for every y @I (see 2.12).

From Lemma 6.2, we know that dim /7 > 2, so Proposition 6.3 implies that
B C u(H). Then, because I' acts properly on G/H, we conclude that u(I') N B*C
is finite (see 2.17). Since yu is a proper map, this implies that I'N p~1(B*C) is finite.

Let 4; and A4, be the two components of A*\B*. Because I'"! =T, we know
that t(u(I")) = u(I"). Then, because t interchanges 4; and A4, we conclude that

Figure 6.3. Proof of Theorem 1.8: u(I") stays away from B*, because B+ u(H). Also, half of u(I') is on
each side of BY, because t(u(I')) = p(I). This contradicts the fact that I' has only one end.
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() N A =uI) N Ay. Therefore, u(I)NA4; and w()N A, have the same
cardinality, so they must both be infinite. So

each of T Nu~1(4;) and T Nu'(4,) is infinite.
Because T has only one end (see 4.9), this implies there exist
y e (TN i(4))~u ' (BTC),
such that

o e (T0u (4:) \ ' (BHC), (6.4)
for some f e F. Then u(y) € Ay, u(yf) € 4z, and

prQOf) € u(yF) C pu(y)C.

Using the fact that Cis symmetric and the fact that C contains the identity element e,
we conclude that

u@y) € (ONHC)NAr and  u(yf) € W)C) N Az;

therefore u(y/)C intersects both 4; and 4,. Since B separates 4; from A5, and C is
connected, this implies that u(y/)C intersects B*; hence wu(yf) € BTC. This
contradicts the fact that yf ¢ u~/(B¥C) (see 6.4). |

7. Explicit Coordinates on SO(2, n) and SU(2, n)

From this point on, we focus almost entirely on SO(2, n) and SU(2, n). (The only
exception is that some of the examples constructed in Section 9 are for other groups.)
In this section, we define the group SU(2, n; IF), which allows us to provide a fairly
unified treatment of SO(2, n) and SU(2, n) in later sections.

7A. THE GROUP SUQ, n; F)
NOTATION 7.1.
e We use F to denote either R or C.

e Let g =dimg F, so g € {1, 2}.
o We use [ina, to denote the purely imaginary elements of I, so

B _[0 ifF=R
Mg = R ifF=C.

e For ¢ €, there exist unique Re¢ €« R and Im ¢ € Finag, such that ¢ =
Re ¢ + Im ¢. (Warning: in our notation, the imaginary part of a+ bi is bi,
not b.)
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e For¢ & F, weuse ¢ to denote the conjugate Re ¢ — Im ¢ of ¢. (If F = R, then
p=9)

e For a row vector x & F"~2, or, more generally, for any matrix x with entries in
FF, we use x' to denote the conjugate-transpose of x.

NOTATION 7.2. For

000 --- 00 1
000 --- 010
0 0 0 0

J=1: : Id ©o Y eSL(n+2,F),
0 0 0 0
010 .- 000
1 00 0 0 0]

we define

SUQR,m F)={geSL(n+2,F)|gJg’ =J}
and

uR,mF) = {uedl(n+2,F) | u+Jul =0}.
Then:

e SU(2,n; R) is a realization of SO(2, n),
e SU(2,n; C) is a realization of SU(2, n), and
e 3u(2, n; F) is the Lie algebra of SU(2, n; F).

We choose

e A to consist of the diagonal matrices in SU(2, n; F) that have nonnegative real
entries,

e N to consist of the upper-triangular matrices in SU(2, #; F) with only 1’s on the
diagonal, and

e K=SUQ2,n;F)nSUn+2).

A straightforward matrix calculation shows that the Lie algebra of AN is

101 ? x o _X- tth eR,
2 yT ’7T ¢,n e,
a4n= 0 0 0 —t —x Xy € Fr2 (7.3)
0 0 0 —h _¢ X,y e Fimag
0 0 0 0 —1

Remark 7.4. From (7.3), we see that the first two rows of any element of a + n are
sufficient to determine the entire matrix. In fact, it is also not necessary to specify the
last entry of the second row of the matrix.
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Remark 7.5. From (1.15) and (7.3), we see that d(SU(2, r; F)) = dim(a + 1) = 2¢n.

NOTATION 7.6. Because N is simply connected and nilpotent, the exponential map
is a diffeomorphism from n to N (indeed, its inverse, the logarithm map, is a
polynomial [Hcl, Theorem 8.1.1, p. 107]), so each element of N has a unique
representation in the form exp u with u & n. Thus, each element 4 of N determines
corresponding values of ¢, x, y, #, x and y (with #; = 1, = 0). We write

d)h’ Xhs Yhs Ui Xp, yh

for these values.

NOTATION 7.7. We let « and f§ be the simple real roots of SU(2, n; IF), defined by
wa)=ai1/ay and fa)=az,
for a (diagonal) element a of 4. Thus, the positive real roots (see Figure 7.1) are

o, Byo+ B, o+ 20, ifF=R,
o, B+ B,a+2B,28,20+28 if F=C.

Concretely:

the root space 1, is the ¢-subspace in 1,

the root space 1y is the y-subspace in 1,

the root space N, is the x-subspace in 1,

the root space n,42p is the #-subspace in 1,

the root space Ny 1s the y-subspace in n (this is 0 if F = R), and
the root space My,424 is the x-subspace in 1 (this is 0 if F = R).

x & 2042

o o+ o+2p o . a-+2p

(a) (b)

Figure 7.1. The real root systems of (a) SU(2, n; R) = SO(2, n) and (b) SU2, n; C) = SU(2, n).
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DEFINITION 7.8. Let

D = Ty + Magrop + Mop
={zen|p,=0,x,=y, =0}
0 0 0 n x

e F,
= 0 0 vy —7 !

X,y € Fimag

and, for a given Lie algebra § C n,

bp=>bNh.
Note that if ¢, = 0 for every u € b, then [§), §] C by and by is contained in the center
of b (cf 7.22).

Remark 7.9. By definition (see 2.10), we have
AT ={aec dla(a) = 1, fla) = 1}.
Therefore, from the definition of « and f§ (see 7.7), we see that

At =f{acdla) 2 a2 1) (7.10)

Remark 7.11. For F = H, the division algebra of real quaternions, the group
SU(2, n; H) is a realization of Sp(2, n). Most of the work in this paper carries over,
but the upper bound on dim H given in Theorem 10.14 is not sharp in this case (and
it does not seem to be easy to improve this result to obtain a sharp bound). Thus, we
have not obtained any interesting conclusions about the nonexistence of tessellations
of homogeneous spaces of Sp(2, n).

7B. THE SUBGROUPS SU(1, n; F) AND Sp(1, m; F)

We now describe how the four important families of homogeneous spaces of
Example 1.11 are realized in terms of SU(2, n; F).

DEFINITION 7.12. Let

SU(L, n; R) = SO(1, n);
Sp(1, n; R) = SU(1, n);
SU,n; C)=8SU(1,n); and
Sp(1, n; C) = Sp(1, n).

Then, for an appropriate choice of the embeddings in Example 1.11, we have
t ¢ x ¢ X Cbt i § ’
su(l,m;ONn@+n) = 6 0 0 0 -— ; . (7.13)

x € B2,
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and (if 2m < n) we have
8p(1,m; F)N(a+mn)

teR,
t0 x1 x2 X3 x4 Xom3 Xom-2 0 --0 7 X el
=3[0t - X % X5 - —Xpmz2 Xom3 0 - 0 =X —7 ,;eF:
XeFimag
(7.14)

Remark 7.15. From (1.15), (7.13) and (7.14), we see that

e Jd(SU(1,n; F)) = dim(3u(l, n; FyN (a + 1)) = ¢qn and
e d(Sp(1, m; F)) = dim(sp(1, m; F) N (a + n)) = 2gm.

7C. FORMULAS FOR EXPONENTIALS AND BRACKETS

The arguments in later sections often require the calculation of exp u, for some u € 1,
or of [u,v], for some u, v € n. We now provide these calculations for the reader’s
convenience.

Remark 7.16. For

0 ¢ x 1 X
00y y -7
0 0 0 0 —¢
000 0 0
we have
Liy[2 =~ 1) £1214,12
—31x1* —Re($1) + 34 o1*1y!
g xtioy n—dot+igy—toppr =7 * -
+(x — Ly + Hm(xy' )
00 Id _yt SN
00 0 1 o
00 0 0 1
(7.17)

When ¢ = 0, this simplifies to

1 0 x g—lxt x=1xf
0 1 y y—ilP —7—5px
exp) =10 0 Id —yf —xt . (7.18)
0 0 O 1 0
0 0 O 0 1
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Similarly, when y = 0, we have

—1x> — Re(¢7)

1 ¢ x n+%¢y -
+ (X = 50Y9)
expy=|0 1 0 ~7i —3Y¢ . (7.19)
0 0 Id 0 —xt
00 0 1 -
00 0 0 1

Remark 7.20. For

0 ¢ x n X 0 ¢ % 7 X%
U= 0 y» vy —x and u= 0 5 ¥ -7l (7.21)
we have
{00 5=y T+ BT+ —gy —2Im(xF + g1 — 6)
[, 1] = 0 0 —2Im(yjt) yxl —y5t +Y¢ -y

(7.22)

Remark 7.23. [Var, Eq. (2.13.8), p. 104]. For u,v & §, we have
1 1
exp(—v)uexp(v) = u + [u, v] + 3 [[u, 1], v] + 3 [[[w, v}, 0], 0] +- -

Combining this with (7.22) allows us to calculate the effect of conjugating by an
element of N.

For example, suppose u &1, with ¢, =0 and y, =0, and suppose v @ Tiyyp.
We see, from (7.22), that ¢y, ;=0 and that Xy, =y, =0, so [[u,v},v] =0
(see 7.22). Therefore

exp(—v)uexp(v) = u + [u, v].

8. Calculating the Cartan Projection

Benoist [Ben. Lemma 2.4] showed that calculating values of the Cartan projection u
is no more difficult than calculating the norm of a matrix (see 8.11). In this section,
we describe this elegant method and some of its consequences, in the special case
G =SUQ2,n ).

8.1. STANDING ASSUMPTIONS

Throughout this section, we assume G = SU(2, n; F).
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8A. THE BASIC DEFINITIONS

NOTATION 8.2. We employ the usual Big Oh and little oh notation: for functions
f1./2 on a subset X of G, we say

fi=0(f) forheX

if there is a comstant C, such that, for all 2e€ X with |A] large, we have
1AM < C[ f2(h)ll. (The values of each f; are assumed to belong to some finite-
dimensional normed vector space, typically either C or a space of complex matrices.
Which particular norm is used does not matter, because all norms are equivalent up
to a bounded factor.) We say

fi=o(fa) forheX

it JAMN/ 2] — 0 as h — oo. (We use h — oo to mean |A]| — 00.) Also, we
write f1 < f7 if /i = O(f2) and f, = O(f1).

We use the following norm on SU(2, n; F), because it is easy to calculate. The
reader is free to make a different choice, at the expense of changing = to < in a
few of the calculations.

DEFINITION 8.3. For & € SU(2, n; ), we define [|A[| to be the maximum absolute
value among the matrix entries of 4. That is,

Al = Igﬁixn+2lhj,kl-

DEFINITION 8.4. Define p: SU2, n; ) - GLF"™2 AF™™ ) by p(h) = h A h, 50 p
is the second exterior power of the standard representation of SU(2, n; I¥). Thus, we
may define ||p(h)]| to be the maximum absolute value among the determinants of all
the 2 x 2 submatrices of the matrix 4. That is,

hig by
det(hm’k ey ) ‘

From (7.17), (7.18), and (7.19), it is clear that the 2 x 2 minor in the top right
corner is often larger than the other 2 x 2 minors, so we give it a special name.

Il =
Hp( )” 1 <j,/£%,arlnxs n+2

DEFINITION 8.5. For & € Mat, (), define

Mt I n+2>
A(h) =det{ > ’ .
(h) = de <h2,n+1 hany2
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8B. Y. BENOIST’S METHOD FOR USING MATRIX NORMS TO CALCULATE u

LEMMA 8.6. For a @ A, we have ||a|| = ay; and ||p(a)l| = a1 1a2.
Proof. From (7.3), we see that

1 if3<j<n,
aj=141/ay fj=n+1, (8.7)
l/au 1f]:n+2

Thus, from (7.10), we see that
Q) = dyy = 4G
for j = 3 (and, since a is diagonal, we have a;x = 0 for j # k). Therefore, the desired

conclusions follow from the definitions of [|a}| and [p(a)]. a

PROPOSITION 8.8 ([Ben, Lemma 2.4]). We have

u(h) < h, 8.9)
p(uh) < p(h), (8.10)
p(yy < 1kl and p(h),, < llp(WI/IIA], (8.11)

Jor h « SUQ2, n; F).
Proof. Choose ki, ky € K, such that u(h) = kyhk,. Because | xy|| = O (jjx||||y|) for
x,y € SU(2, n; F), and maxzek| k| < oo (since K is compact), we have

Il = lkihka | = O (I1A1)
and

Il = kT uks 1T = O (),
so (8.9) holds. Similarly, we have

lo(u) Il = lptk)p(Wpe)ll < oA,
so (8.10) holds.
For a € AT, we know, from (8.6), that a;; = ||la| and ay, = ||p(a)|l/a1,1. Thus,
letting a = u(h), and using (8.9) and (8.10), we see that
#(h)u = [[uml = (4]

and

Cle®)l _ 11ph)
Au(h)2,2_ Au(h)l,l - “h“ ’

as desired. [ ]

Remark 8.12. Proposition 8.8 generalizes to any reductive group G [Ben, Lemma
2.3]. However, one may need to use a different representation in the place of p.
In fact, if R-rank G = r, then r representations of G are needed; for G = SU(2, n; F),
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we have R-rank G = 2, and the two representations we use are p and the identity
representation I(h) = hA.

COROLLARY 8.13. Let g, — oo and h, — oo be two sequences of elements of
SU(2, n; F). We have

gn < h, and p(g,) < p(hy)

if and only if there is a compact subset C of A, such that, for all n € 7, we have
11(gn) € pu(hy)C.
Proof. (=) Let a = pu(hs)"' 1(g,). From (8.11), we see that u(g); ; < u(hy); ; for
je{l1,2}, so, using (8.7), we have
O(1) if1<j<2;
a“_“(gn)j,j_ 1/1=1 if3<j<n
H wlhn); ; T u(hn)a 2/ 1(8n)y 0 = O(1) %fj =n+1;
whn)1 1/ 1gn)1 1 =O) fj=n+2.

Therefore a = O(1), as desired.
(<) Because C is compact, we have
pu(gn) = pu(hy) and  p(u(gn)) =< p(u(hn))
(cf. proof of (8.9) and (8.10)). Then the desired conclusions follow from (8.9) and
(8.10). |

Proof of Proposition 2.12 for G = SU(2, n; F). Because C is compact, we have
g =g and p(g) = p(g) for any g’ € CgC (cf. proof of (8.9) and (8.10)). Thus, the
desired conclusion follows from Corollary 8.13. ®

Because of Proposition 8.8, we will often need to calculate ||2]| and |[p(k)]]. The
following observation and its corollary sometimes simplifies the work, by allowing
us to replace 4 with A~1.

LEMMA 8.14. We have u(h™") = u(h) for h @ SUQ2, n; F).
Proof. Define J asin (7.2), and choose ki, k, @ K, such that u(h) = k1hk,. For any
a e A, we see, using (7.3) or (8.7), that Ja~'J = a, so

Ty YA ) = T (i)™ T = k).

Note that detJ = 1. Also, we have J2 = Id and JT = J, so it is obvious that JJJT = J
and JJT = Id. Therefore

JeSUQ,nF)NSUMm+2) = K.

Thus, from the definition of x, we conclude that u(h~!) = u(h), as desired. [}
The following corollary is obtained by combining Lemma 8.14 with Corollary 8.13.

COROLLARY 8.15. We have ™! =< h and p(h™") =< p(h) for h € SU(2, n; F).
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8C. THE WALLS OF 4+

NOTATION 8.16. For k € {1, 2}, set
Ly={ae At |ay,=di7"}. (8.17)
From (7.10), we see that L; and L, are the two walls of 4%. From (8.6), we have

p(a) < llal* for a € L. (8.18)

We reproduce the proof of the following result, because it is both short and
instructive. (Although we have no need for it here, let us point out that the converse
of this proposition also holds, and that there is no need to assume H C 4N.) Because
of this proposition (and Corollary 2.9), Section 10 will study the existence of curves
', such that A' < [[A||¥, for k € {1, 2}.

PROPOSITION 8.19 ([OW1, Proposition 3.24]). Let H be a closed, connected
subgroup of AN in SUQ,n; F). If, for each k &« {1,2}, there is a continuous curve
B in H, such that p(h") < |[h'|* - 00 as t— 0o, then H is a Cartan-
decomposition subgroup.

Proof (cf. Figure 8.1 and proof of Proposition 6.3). By hypothesis, there is a
continuous, proper map ®: {1,2} x R"— H, such that p(®(k, 1) =< [|D(k, 1)]F.
Because H C AN, we know that H is homeomorphic to some Euclidean space R™
(see 3.15(1)).

W(@2.0)

W@(1,)

Figure 8.1. Proposition 8.19: if u(H) contains a curve near each well of A", then it also contains
the interior.
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Suppose, for the moment, that dim H = 1. (This will lead to a contradiction.) We
know that p(h) < h for h @ ®(1, R"). Because 4! =< & and p(h~') < p(h) (see 8.15),
we must also have p(h) < h for he ®(1, RT)™": There is no harm in assuming
$(1,0) = Id; then @(1, RT) U d(1, R*)~! = H (because dim H = 1), so we conclude
that p(k) < h for all he H. This contradicts the fact that p(h) x IA)? for
he®2,R").

We may now assume dim H = 2. Then, because H is homeomorphic to R”,
it is easy to extend @ to a continuous and proper map @": [1,2] x RT — H. From
(8.18) and (8.13), we know that the curve ,u((D’(k, t)) stays within a bounded distance
from the wall L; say dist[('(k, 1)), L] < C for all z. We may assume C is large
enough that dist(®'(s, 1), e) < C for all s @[1,2]. Then an elementary homotopy
argument shows that u[®'([1, 2] x R)] contains

{a € AT |dist(a, L1 U Ly) > C},

so u[@'([1,2] x RY)] ~ 4*. Because u(H) D u[@([1,2] x R*)], we conclude from
Theorem 2.15 that H is a Cartan decomposition subgroup. , O

Remark 8.20. When R-rank G = 1, the Weyl chamber 4™ has only one point at
infinity. Thus, if H is any noncompact subgroup, then the closure of u(H) must
contain this point at infinity. This is why it is easy to prove that any noncompact
subgroup of G is a Cartan decomposition subgroup (see 2.16).

The idea of Proposition 8.19 is that if R-rank G = 2, then the points at oo of the
Weyl chamber A" form a closed interval. If the closure of u(H) contains the two
endpoints of this interval, then, by continuity, it must also contain all the points
in between.

Unfortunately, we have no good substitute for this proposition when
R-rank G > 2. The points at co of 4+ form a closed disk (topologically speaking).
It is easy to define a map f from one disk to another, such that the image of f contains
the entire boundary sphere, but does not contain the interior of the disk. Thus, it
does not suffice to show only that the closure of u(H) contains the boundary of
the disk at oo; rather, one needs additional homotopical information to guarantee
that no interior points are missed.

LEMMA 8.21. Let G =SUQ2, n; F), and fix some m < n/2. Then n(SU(1, n; F)) and
u(Sp(1, m; F)) are the two walls of A™.

We have

(1) p(h) < h for h « SU(1, n; F); and
(2) p(h) = Ikl for h @ Sp(1, m; ).

Proof. Let H=SU(1,n; F) or Sp(1, m; F). Then HN K is a maximal compact
subgroup of H. From the Cartan decomposition

H=(KNHYANH)YKNH),
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and the definition of u, we conclude that u(H) = u(4 N H). In the notation of (8.17),
we see (from Definition 7.12) that HN A = Ly U L, where

k= 1 if H=SU(l,n; F);
T2 if H=Sp(l,m; ).

Then, since p(a™!) = u(a) (see 8.14) and u(a) = a for a @ A*, we conclude that
u(H) = L is a wall of AT, Furthermore, we have p(a) < |la||* for a & u(H) (see
8.18), so p(h) < ||h]|* for h € H (see 8.8). O

COROLLARY 8.22. If there is a continuous curve i — oo in H, such that p(h) =< K,
then there is a compact subset C of G, such that SU(1,n; F) ¢ CHC.

Proof. For any (large) g &« SU(1, n; F), we see from continuity (more precisely,
from the Intermediate Value Theorem) that there exists ¢ € R*, such that

12 = ligll-

Then, by assumption and from 8.21(1), we have
p(h') < B < g < p(g),

so there is a compact subset C’' of A4, such that

#(SU(L, n ) C {u(h") |t € RT}C' C w(H)C'
(see 8.13). Therefore
SU,n; F) c Ku(SU(L,n, F) K c Ku(H)C K ¢ K(KHK)C'K,
as desired. O
The following corollary can be proved by a similar argument. (Recall that the
equivalence relation ~ is defined in (1.17).)
COROLLARY 8.23. Assume H is not compact.

(1) We have H ~ SU(1, n; F) if and only if p(h) < h for h € H.
(2) We have H ~ Sp(1, m; F) if and only if p(h) < ||h||*> for h & H.

Because of Proposition 8.19, we will often want to show that a curve A’ satisfies
p(h") < ||A|*, for some k € {1, 2}. The following lemma does half of the work.
LEMMA 8.24. Let X be a subset of SU(2, n; IF).

(1) If p(h) = O (h) for h & X, then p(h) < h for h € X.
Q) If |hI? = O(p(h)) for h € X, then p(h) < ||h||* for h € X.

Proof. From (8.6) and (7.10), we have

lal = a1 € avia = |p@)l
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and
lp@| = a1, @22 < @ = |af®

for a € A*. Thus, letting a = u(h), and using (8.9) and (8.10), we have
1Al = ] < lip(um)Il < )]

and
oM = oD < @ = A1,

so h = O (p(h)) and p(h) = O (||k]|*). The desired conclusions follow. [ ]

For convenience, we record the following simple observation. (For the proof,
cf. the proof of (8.9) and (8.10).)

LEMMA 8.25. Let

o kel 2},
e c&G, and
e h' — oo be a continuous curve in H.

If p(ht) < B[, then p(g~'h'g) = g~ h'g]F.

8D. HOMOGENEOUS FUNCTIONS OF THE SAME DEGREE

The following well-known, elementary observation is used frequently in the later
sections.

LEMMA 8.26. Let V' be a subspace of a finite-dimensional real vector space V, and
let f1:V — Wy and f,: V — W, be linear transformations.

(D) If 7YY N V' = {0} (or, more generally, if {71 O)N V' C f571(0)), then there is a
linear transformation f Wy, — W,, such that fr(v) = f(fi(v)) for all ve V'
Therefore f, = O(f1) on V'.

Q@ IFAONV =510)NV!, then fy < fo on V'.

Proof. (1) By passing to a subspace, we may assume V' = V. Then, by modding
out f71(0), we may assume f; is an isomorphism onto its image. Define f/': f1(V) —
Wy by f'(w) = f2(f7(w)), and let f: Wi — W, be any extension of f”.

For v € V', we have

200 = 1AM < IATAEN,
so fo = O (f1).
(2) From (1), we have f/ = O(f1) and f; = O (f2), so f1 =< f2. O

EXAMPLE 8.27. Let ) be a real Lie subalgebra of a + 11, and assume there does not
exist a nonzero element u of Y, such that x, = 0 and y, = 0. Then there exist R-linear
transformations R, S: F"? — F, such that 5, = R(x,) + S(y,) for all ue}.
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(Similarly, ¢,, X,, and y, are also functions of (x,,y,).) Furthermore, we have
U< xy| + |yul

The following well-known result is a generalization of the fact that all norms on a
finite-dimensional vector space are equivalent up to a bounded factor.

LEMMA 8.28. If V is any finite-dimensional real vector space, and fi1,f,:V — R
are two continuous, homogeneous functions of the same degree, such that f{'(0) =
£710) = {0}, then f1 < f5.

Proof. By continuity, the function f1/f, attains a nonzero minimum and a finite
maximum on the unit sphere. Because f;/f> is homogeneous of degree zero, these

values bound f1// on all of V'~ {0}. a

9. Existence of Tessellations

In this section, we show how to construct several families of homogeneous spaces
that have tessellations. All of these examples are based on a method of T. Kobayashi
(see 9.1) that generalizes Example 1.11.

9A. THE GENERAL KULKARNI-KOBAYASHI CONSTRUCTION

As explained in the comments before Theorem 4.1, the following theorem is essen-
tially due to Kobayashi.

THEOREM 9.1 ([Kbl, Theorem 4.7)). If

e H and L are closed subgroups of G, with only finitely many connected
components;

o L acts properly on G/H;

o dL)+d(H)=dG), and

o there is a cocompact lattice T in L,

then G/H has a tessellation. (Namely, I is a crystallographic group for G/H.)
Proof. Because I is a closed subgroup of L, we know that it acts properly on G/H
(see 2.4). Thus, it suffices to show that I'\G/H is compact.
From Lemma 3.5, we see that there is no harm in assuming H C AN, and that
there is a closed, connected subgroup L’ of G, such that

e [’ is conjugate to a subgroup of AN,
o d(L"+ d(H) = d(G), and
e [/C = LC, for some compact subset C of G.

(Unfortunately, we cannot assume L C AN: we may not be able to replace L with L/,
because there may not be a cocompact lattice in I/. For example, there is not lattice
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in AN, because any group with a lattice must be unimodular [Rag, Remark 1.9,
p. 21])

It suffices to show that L’\G/H is compact. (Because L' C LCis compact, and I'\L
is compact, this implies that I'\G/H is compact, as desired.)

We know that L' acts properly on G/H (see 2.4), so L' x H acts properly on G,
with quotient L'\G/H. Therefore, Lemma 3.19 implies that L'\G/H has the same
homology as G; in particular,

Haim k(LN\G/H ) = Hgim k(G).

From the Iwasawa decomposition G = KAN, and because 4N is homeomorphic to
RAD (see 3.18 and 3.12), we know that G is homeomorphic to K x R*®. Since R4®
is contractible, this implies that G is homotopy equivalent to K, so G and K have the
same homology; in particular,

Haim k(G) = Haim x(K) # 0.

Since

dim(L\G/H) = dim G — dim L' — dim H
= dim G — (d(L) + d(H))

=dim G — d(G)
= dim(KAN) — dim(A4AN)
=dimK,

this implies that the top-dimensional homology of the manifold L'\G/H is non-
trivial. Therefore L'\G/H is compact [Dol, Corollary 8.3.4], as desired. |

Our results for G = SU(2, 2m; F) are based on the following special case of the
theorem. The converse of this corollary is proved in Section 11 (see 11.5).
Recall the equivalence relation ~, introduced in Notation 1.17.

COROLLARY 9.2 ([Kbl, Proposition 4.9]). Let H be a closed, connected subgroup
of G =SUQ2,2m; F). If

e d(H)=2gm,; and
o cither H~ SU(1, 2m; F) or H ~ Sp(1, m; F),

then G/H has a tessellation.

Proof. Let Ly =SU(1,2m; F) and L_ = Sp(1, m; F). By assumption, we have
H~ L, forsomee e {+, —}; let L = L_,. Because u(L+) and u(L_) are the two walls
of A" (see 8.21), we know that L = L_, acts properly on G/L; (see 2.17); since
H ~ L., this implies that L acts properly on G/H (see 2.4). Also, we have

d(L) + d(H) = 2qm + 2gm = d(G),

(see 7.15 and 1.15), and there is a cocompact lattice in L (cf. 1.5(2)). Thus, the desired
conclusion follows from Theorem 9.1. O
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9B. DEFORMATIONS OF SO(2, 2m)/SU(1, m) AND SU(2, 2m)/Sp(1, m)

The homogeneous spaces described here were found by Oh and Witte [OW2,
Theorems 4.1 and 4.6], [OW3, Theorem 1.5].

NOTATION 9.3. For any R-linear B: F*" — "2, we define
teR,

t 0 X ] X )
Fn
b= ( t xB —x —ﬁ))’;EF TrCca+mn

X € Fimag
We write xB, rather than Bx, because x is a row vector.
It is easy to see, using, for instance, the formula for the bracket in (7.22), that if
Im((vB)(wB)') = —Im(vw') for every v, w € F*72, (9.4)

then Yy, is a real Lie subalgebra of a+n; we let Hp denote the corresponding
connected Lie subgroup of AN.
From (1.16), we have

d(Hp) = dim b
=dimR + dim F"? + dim F + dim Fip,g
=14+qgn—-2)+q+@-1)
= gn. 9.5)

Remark 9.6. Assume n = 2m. By comparing (7.14) with (9.3), we see that there is

a R-linear map By: F?"~2 & F?"2 guch that 3p(1,m; F)N (a4 n) = Hp, (and By
satisfies (9.4)). Thus, in general, Hp is a deformation of 8p(1, m; F) N(a + n).

THEOREM 9.7 (OW2, Theorems 4.1 and 4.6]). Let B: F?"~2 — F?"~2 pe R-linear.
i

® Condition (9.4) holds, and
® xB ¢ Fx, for every nonzero x € F?"~2,

then

(1) p(h) < |h|1* for h € Hp; and
(2) SUQ2,2m; F)/Hpg has a tessellation.

Proof. (1) Given h @ Hp, write h = au, with a @ 4 and v @ N. We may assume
that a;; > 1 (by replacing / with A~! if necessary (see 8.15). It suffices to show
IAl? = Oay,1a2,2 + |A(h)|) (for then 4117 = O(p(h)), so Lemma 8.24(2) applies).

Case 1. Assume a is trivial. From (7.18) and (9.3), we see that

b= O(Ixnl* + 1] + [X4]),
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S0
Al = O(xal* + Inal® + [x[?).
From (7.18) and (8.5), we have
—Re A(h) = (1% Pyal® — ixy" %) + (Inal® + Xay,)-
From (9.9), we see that [x[*[xB[* — [x(xB)T{2 > 0 for every nonzero x € F?"72,
so Lemma 8.28 implies
Pl = Lxal sl = beayp
Also, because y, = —X; (and x;, @ Fip,g), we have
al” + Xy = Il + 1x4]” > 0.
Thus,
—ReA(h) = [x4]* + (1,12 + x4 1),
so [|A]* = O(Re A(h)) = O(A(h)), as desired.

Case 2. The general case. From Case 1, we know [jul|®> = O(l + IA(u)]). Then,
because ||a]] < [lallljuil = ay,1juf), we have

17 < & (llul* = O (& ;(1 + |1A@)]) ) = O(a} | + a3 | |A@W)] ).
Then, since a1} = az and A(h) = ay,1a22Aw), we conclude that
2% = O(a1,1a2,2 + 1A(R)]),

as desired.
(2) From (1) and 8.23(2), we see that Hg ~ Sp(1, m; IF). Then, because d(Hpg) =
q(2m) (see 9.5), Theorem 9.2 implies that SU(2, 2m; F)/Hp has a tessellation. []J

LEMMA 9.8. Let B: F""2 — F""2 e R-linear. Condition (9.4) holds if and only if either

O F=R; or
(2) F=C and B’ € Sp(2n — 4; R), where xB' = xB and we use the natural identifica-
tion of C"~% with R¥ ™4,

Proof. Case 1. Assume F = R. Because Imz = 0 for every z = 0, it is obvious that
(9.4) holds.
Case 2. Assume F = C. If (9.4) holds, then
Im((vB)(wB)") = Im (@B)Y(wB)")

= Im ((vB)(wB)")
= ~Im ((WB)(wB)")
= —(-Im(ww"))
= Im (owh),

so B’ is symplectic. The argument is reversible. O




164 ALESSANDRA 1I0ZZI AND DAVE WITTE MORRIS

Remark 9.9.

e For F = R, the assumption that xB ¢ Fx simply requires that B have no real
eigenvalues.

e For IF = C, we do not know a good description of the linear transformations B
that satisfy xB ¢ Fx, although it is easy to see that this is an open set (and not
dense). A family of examples was constructed by Oh and Witte (see 9.10 below).

e If nis odd, then there does not exist B: "~ — F"~? satisfying the assumption
that xB¢ Fx. For F = R, this is simply the elementary fact that a linear trans-
formation on an odd-dimensional real vector space must have a real eigenvalue.
For F = C, see Step 1.2.1 of the proof of Proposition 10.12.

e Ifniseven, then, by varying B, one can obtain uncountably many pairwise non-
conjugate subgroups Hp, such that SU(2,n; F)/Hp has a tessellation. For
F = R, this is proved in [OW3, Theorem 1.5]). For F = C, a similar argument
can be applied to the examples constructed in (9.10) below.

EXAMPLE 9.10 ([OW2, Theorem 4.6(1)]). Assume # is even, let B’ & SO(n — 2; R),
such that B’ has no real eigenvalue, and define an R-linear map B: C" 2 — C"2
by xB = XB’. Let us verify that B satisfies the conditions of Theorem 9.7 (for F = C).

Let x1, x2, 1, v2 € R"™2. From the definition of B, and because B € SO(n — 2; R),
we have
Im(((x1 + ix2)B)(y1 + iy2)B)Y) = Im (((x1 — ix2) B)((y1 — iv2)B))
= i(x1B)(y2B) — (x2B)(»1B)")
= i(x1y} — x29})
= —Im((x; + ix2)(y1 + iy2)Y).

Suppose Bx = Ax, for some A € C. Because B @ SO(2n —4; R), we must have
|A] = 1. Then

B'(x 4+ Ax) = B'x + AB'X = BX + ABx = Bx + A(Ax) = Ax + x.

Because B’ has no real eigenvalues, we know that 1 is not an eigenvalue of B, so we
conclude that x + Ax = 0. Similarly, because —1 is not an eigenvalue of B/, we see
that x — Ax = 0. Therefore

x=3(x+10)+(x-12x))=40+0) = 0.

9C. DEFORMATIONS OF SU(2, 2m)/SU(1, 2m)

These examples are new for F = C, but provide nothing interesting for F = R (see
9.13(1)).



TESSELLATIONS OF HOMOGENEOUS SPACES 165

NOTATION 9.11. For ¢ € (0, 1], we define
teR,

t ¢ x Re¢p+clm¢g x
By = ( 0 0 0 *)¢€F’

x e "2,
X € Fimag

It is easy to see, using, for instance, the formula for the bracket in (7.22), that § is
a real Lie subalgebra of a + 1 (even without the assumption that 0 < ¢ < 1); we let
Hig be the corresponding connected Lie subgroup of AN.
From (1.16), we have
= dimR + dim F + dim F""2 + dim Fipa,
=l4+g9+qn—-2)+@—-1)
=gn.
Remark 9.13. Let 3u(l, n; F) be embedded into 3u(2, »n; F) as in 7.13.
(1) If F =R, then cis irrelevant in the definition of f4 (because Im ¢ = 0); therefore
by =su(l,m; R)yn(a+mn).
(@) ' F =C, then b = su(l,n; C)N(a+n).

Thus, in general, §j is either 3u(l, n; F) N (a + n) or a deformation of it.

THEOREM 9.14. Assume F = C, and n =2m is even. If ¢ € (0, 1], then

(1) p(h) < h for h € Hyy, and
(2) SU2, 2m; F)/Hq has a tessellation.

Proof. (1) Given h & Hy, it suffices to show that p(h) = O(#) (see 8.24(1)). Write
h = au, with a € 4 and u @ N. We may assume that a;; > 1 (by replacing / with Al

if necessary (see 8.15)).
Let O: C@ C"™ %@ C — R be the real quadratic form

Q(¢, x,n) = |x|* + 2 Re(¢7),
and let ¥ be the R-subspace of C @ C" > @ C defined by
¢ eC,
xeCr?, .

V=[(¢>,x,11)
n=Re¢p+clme¢

Step 1. For v € V, we have Q(v) = |¢|> + |x|2. For (¢, x,7n) € V{0}, we have
Q($, x, 1) = |x{* + 2 Re(¢7)
= x| + 2Re(p(Re ¢ + cIm ¢))
= [x[* + 2 (Re ¢)* — 2¢(Im §)°
>0
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(because ¢ > 0 and Im ¢ is purely imaginary). Thus, the restriction of Q to V is
positive definite, so the desired conclusion follows from Lemma 8.28.

Step 2. We have uj iz < (1¢,1> + 1x4)?) + [X.]. From (7.19) (with y = 0), we have
Reuy iz = = (312 +Re(@, 7)) = [xul® + 2Re(9,7,)
and
Imuy pyr = X,
Then, from Step 1, we see that Reu; 0 =< [qbul2 + [x4]?, so
U1z < [Re Ut | + Il < (16,12 4 Peal®) + X,

as desired. O
Step 3. Completion of the Proof. From Step 2, we have

Pinr = ai, 11 g < ar,1 (1] + l¢ul)2 + ap 1%yl
Also, from (7.19), we have

o(1) ifj#land k#n+2
he = § O(a(|¢, |+ 1x,)) ifj=1land k#n+2
O(l¢,| + |x.]) ifj#land k=n+2.

Thus, it is easy to see that
p(h) = O(a1,1 x| + a1,1(1h,] + [xu])?) = Ol1,n12) = O(h),

so the desired conclusion follows from Lemma 8.24(1).
(2) From (1) and 8.23(1), we see that Hy; ~ SU(1, n). Then, because d(Hy)) = 2n
(see 9.12), Theorem 9.2 implies that SU(2, 2m; IF)/Hj, has a tessellation. a

Remark 9.15. Proposition 11.6 shows that if I = C, then Hy, is not conjugate to
Hjqunless ¢ = ¢’ (for ¢, ¢’ € (0, 1]). Thus, Theorem 9.14(2) implies that, by varying c,
one obtains uncountably many nonconjugate subgroups Hig, such that SU(2, 2m)/
Hig has a tessellation.

9D. THE PRODUCT OF TWO RANK-ONE GROUPS

PROPOSITION 9.16. Let G =Gy x Gy be the direct product of two connected,
linear, almost simple Lie groups Gy and G, of real rank one, with finite center, and let H
be a nontrivial, closed, connected, proper subgroup of AN.
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The homogeneous space G/H has a tessellation if and only if, perhaps after inter-
changing G1 and G,, there is a continuous homomorphism a: AN NGy — AN N G,
such that

H={(ho()|he ANNG}.

Proof. (=) We may assume d(Gi) = d(G2) (by interchanging G; and G, if
necessary).

Case 1. Assume HN G, # e and HN G, # e. Forj= 1,2, we know that HN G; is
not compact (see 3.15(3)), so Corollary 2.16 implies that there is a compact subset C;
of Gj, such that C,(HN G;)C; = G;. Then, letting C = C;C,, we have CHC =G,
so Proposition 2.9 implies that G/H does not have a tessellation. This is a
contradiction. O

Case 2. Assume HN Gy # ¢ and HN G, = e. From Corollaries 2.16 and 2.15,
we know that there is a compact subset C of 4 N Gy, such that u(Gy) C u(H)C.
Therefore, Corollary 4.2 (with G, in the place of H;) implies d(H) = d(G,) =
dim(G; N AN). Then, because HN G, = ¢ (and H C AN), we conclude that H is the
graph of a homomorphism from G; N AN to G, N AN, as desired.

Case 3. Assume HN Gy = e. From Corollary 4.12, we know that dim H = d(G»).
Then, since HN Gy = e, we conclude that H is the graph of a homomorphism
from G, N AN to Gy N AN. Interchanging G and G, yields the desired conclusion.

(<) We verify the hypotheses of Theorem 9.1, with G, in the role of L.

Let H be the image of H under the natural homomorphism G — G/G,. Because
H C AN, we know that H is closed (see 3.15(1)). It is well known (and follows easily
from (2.3)) that any closed subgroup acts properly on the ambient group, so this
implies that H acts properly on G/G,. From the definition of H, we have
HN Gy = e, so we conclude that H = H acts properly on G/G»; equivalently, G acts
properly on G/H (cf. 2.3).

Because AN = (AN N Gy) x (AN N Gy), we have d(G) = d(Gy) + d(G,). Also, we
have d(H)=dim H (see 1.16) and, from the definition of H, we have dim H =
dim(4AN N Gy) = d(G1). Therefore

d(H) + d(G2) = d(G1) + d(G2) = d(G).

There is a cocompact lattice in G, (cf. 1.5(2)).
So Theorem 9.1 implies that G/H has a tessellation. e

9E. T. KOBAYASHI'S EXAMPLES OF HIGHER REAL RANK

T. Kobayashi observed that, besides the examples with G = SO(2, 2r) or SU(2, 2n)
(see 1.11), Theorem 9.1 can also be used to construct tessellations of some homo-
geneous spaces G/H in which G and H are simple Lie groups with R-rank G > 2.
He found one pair of infinite families, and several isolated examples.
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THEOREM 9.17 ([Kb6, Corollary 5.6]). Each of the following homogeneous spaces
has a tessellation:

(1) SO4, 4n)/Sp(1, n);
(2) SO(4, 4n)/SO(3, 4n);
(3) SO(8, 8)/SO(8, 7);
(4) SO, 8)/Spin(8, 1),
(5) SO(4,4)/50(4, 1);
(6) SO(4, 4)/Spin(4, 3),
(7) SO(4, 3)/S0(4, 1);
(8) SO(4, 3)/Ga).

It would be very interesting to find other examples of simple Lie groups G with
reductive subgroups H and L that satisfy the hypotheses of Theorem 9.1.

Remark 9.18. Let G = SO(4, 4n) and H' = Sp(1, n) N AN. From 9.17(1), we know
that G/H has a tessellation. H. Oh and D. Witte [OW2, Theorem 4.6(2)] pointed out
that the deformations G/Hpg (where Hp is as in Theorem 9.7, with F = C) also have
tessellations, but it is not known whether there are other deformations of G/H’ that
also have tessellations.

It does not seem to be known whether the other examples in Theorem 9.17 lead to
nontrivial deformations, after intersecting /4 with AN.

10. Large Subgroups of SO(2, n) and SU(2, n)

This section presents a short proof of the results we need from [OW1] and [IW].
Those papers provide an approximate calculation of u(H), for every closed,
connected subgroup H of SO(2,n) or SU(2, n), respectively, but here we consider
only subgroups of large dimension. Also, we do not need a complete description
of the entire set u(H); we are only interested in whether or not there is a curve #’,
such that p(h') x |A'))¥, for some k € {1,2}). The main results of this section are
Theorem 10.14 (for k = 1) and Theorem 10.21 (for k£ = 2). They give a sharp upper
bound on d(H ), for subgroups H that fail to contain such a curve, and, if » is even,
also provide a fairly explicit description of all the subgroups of AN that attain the
bound.

Because of the limited scope of this section, the proof here is shorter than the pre-
vious work, and we are able to give a fairly unified treatment of the two groups
SO(2, n) and SU(2, n). The arguments are elementary, but they involve case-by-case
analysis and a lot of details, so they are not pleasant to read.

STANDING ASSUMPTIONS 10.1. Throughout this section:

(1) We use the notation of Section 7. (In particular, F = R or C, and ¢ = dimg IF.)
(2) G =SU2,n F).

3) n=3.
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(4) H is a closed, connected subgroup of AN that is compatible with A (see 10.2),
so dim H = d(H) (see 1.16).

(5) U= HnN N. (Note that U is connected (see 3.15(2)).)

(6) Ugmo = (1 € 111, = O},

(7) We use the notation of Section 8. (In particular, ||p(#)| is defined in (8.4) and
A(h) is defined in (8.5).)

(8) Except in Subsection 10A, H is compatible with 4 (see 10.2).

10A. SUBGROUPS COMPATIBLE WITH A

Recall that the Real Jordan Decomposition of an element of G is defined in (3.2); any
element g of AN has a Real Jordan Decomposition g = au (with ¢ trivial). If a is an
element of A, rather than only conjugate to an element of 4, we could say that g is
‘compatible with 4. We now define a similar, useful notion for subgroups of AN,
and recall point out of its basic properties. Lemma 10.3 shows there is usually no loss
of generality in assuming that H is compatible with 4, and Lemma 10.5 shows that
the compatible subgroups can be described fairly explicitly.

DEFINITION 10.2 (JOW1, Definition 2.2]). Let us say that H is compatible with A
if HC TUCN(T), where T=AN(HN), U=HNN, and Cy(T) denotes the cen-
tralizer of T in N.

LEMMA 10.3 [OW1, Lemma 2.3]. H is conjugate, via an element of N, to a subgroup
that is compatible with A.

The preceding proposition shows that H is conjugate to a subgroup H' that is
compatible with 4. The subgroup H’ is usually not unique, however. The following
lemma provides one way to change H’, often to an even better subgroup.

LEMMA 104. Assume that H is compatible with A, and let T= AN (HN). If
u € Cy(T), then w'Huy is compatible with A.

Proof. Let H =u 'Hu, T' = AN (H'N), and U = H N N. Because u centralizes
T, we have

u Tu=T.
Also, becausc u & N, and N is normal, we have u~!HuN = HN, so

w!'Tu=T=ANHN)=AN(w 'HuN)=AN(HN)=T'.
Since u @ N, we have u ! Nu = N, so

T Uu=u"HNNu=u"'H)Nu 'Nu)y=HNN=U,
and

u L CN(T U = Copot (™ Tr) = C(T).
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Thus,
H =vu'Hu c u ' TUCK(T)u = (u_lTu)(u_1 Uu) (ukICN(T)u) =T'UCNT),

as desired. I

LEMMA 10.5 ([OW1, Lemma 2.4]). If H is compatible with A, then either

() H=(HN A x (HNN); or
(2) there is a positive root w, a nontrivial group homomorphism y: ker w — N, N>,
and a closed, connected subgroup U of N, such that
(a) H={ay(a)|a e kerw} U;
(b) U is normalized by both ker @ and y(ker ®),; and
©) Unykerw) = e.

COROLLARY 10.6. If H is compatible with A, then A N (HN) normalizes HN N.

LEMMA 10.7 (OW1, Lemma 2.8]). If dim(H/(HN N)) > dim 4, then

(1) H contains a conjugate of A; and
(2) H is a Cartan-decomposition.subgroup.

10B. SUBGROUPS WITH NO NEARLY LINEAR CURVE

Our goal is to prove Theorem 10.14; we begin with some preliminary results.
First, an observation that simplifies the calculations in some cases, by allowing us
to assume that x, = 0.

LEMMA 10.8. Let u e u. If dimp(Fx, + Fy,) <1 and y, #0, then there is some
g @ N, such that

(1) g1y =0,
(2) ¢g—1ug = ¢ul and
3) Ye-tug = Yu-

Proof. Because dimp(Fx, +Fy,) <1 and y, # 0, there is some A @ FF, such that
X, = Ayy. Let

e 0 be the element of n, with ¢, = —4,
o g=ecxp(v) eN,, and
o w= g“lug.

From (7.23), we see that

b ¢w = ¢u’
® x,=x,+¢,y,=0, and
® Yy = u

as desired. I
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PROPOSITION 10.9. If there does not exist a continuous curve h' — oo in U, such
that p(h") < K, then

(1) for every nonzero element z of by, we have 1,124 %;y, #0; and
(2) for every element u of Ug—o, such that dimr(Fx, + Fy,) = 1, we have

XulYul? + Youlxul? + 2 Im(x,yint) # 0.

Proof of the Contrapositive. (1) Suppose there is a nonzero element z of by with
A(z) = 0. Let h' = exp(¢z) = Id + ¢z (see 7.18). We have

b — O(t) forallj,k,
ME=10Q0) if (k)¢ {1,2) x (n+1,n+2).

Then, because A(h') = 0, it is easy to see that p(h) = t. Also, wehave ¥ =1d + 1z < ¢,
so p(h") = t < K, as desired.
(2) Suppose there is an element u of Ug=g, such that dimp(Fx, + Fy,) =1, and

Xl Vul® + Yol xul” + 2 Im(Gxuyinl) = 0. (10.10)
Let h = I = exp(tu).

Case 1. Assume x, = 0. Because dimp(Fx, + Fy,) =1, we must have y, # 0.
Then, from (10.10), we know that x, = 0. So, from (7.18), we see that

® Myl =< vl = 22,
® 1y, = O(f) whenever (7, k) # (2,n+ 1), and
e K =0(1) whenever j#2and k #n+ 1.

This implies that p(#) =< £ < h.

Case 2. Assume y, = 0. This is similar to Case 1. (In fact, this can be obtained as a
corollary of Case 1 by replacing H with its conjugate under the Weyl reflection
corresponding to the root a.)

Case 3. Assume y, # 0. Because dimp(Fx, + Fy,) = 1, Lemma 10.8 implies there
is some g @ N,, such that, letting w = ¢ lug, we have ¢, = ¢, =0, x, =0, and
Yw = yu # 0. We show below that (10.10) is satisfied with w in the place of «, so, from
Case 1, we conclude that p(exp(tw)) < exp(¢w). Thus, the desired conclusion follows
from Lemma 8.25 (with k£ = 1).

To complete the proof, we now show that (10.10) is satisfied with w in the place of u.
(This can be verified by direct calculation, but we give a more conceptual proof.)
Because g~! € N, multiplication by g~ on the left performs a row operation on
the first two rows of h; likewise, multiplication by g on the right performs a
column operation on the last two columns of 4. These operations do not change
the determinant A(k): thus A(exp(tw)) = A(exp(tu)).
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From (7.18) and the definition of A, we see that
Alexp(tu) = —3(Ixul* yul® = eyl + (Kulyal? vl +2Im ey i) £ +-0().

Because dimp(Fx, + Fy,) = 1, we have [x,]*|p,|*> — [x,»]]* = 0, so this simplifies to

Aexp(t) = (Xulyul® + Yy xl? + 2 Im(x,yinl)e + O().
Thus, (10.10) is equivalent to the condition that A(exp(tu)) = O(#%). Then, since
Aexp(tw)) = Alexp()) = O(),
we conclude that (10.10) is also valid for w. |
LEMMA 10.11. If there does not exist a continuous curve h' — oo in U, such that
p(h") < k', then
dim bg + dimu/ug_o < 29 — 1.

Furthermore, if equality holds, and F = C, then U = U4—o and dim by = 3.

Proof. Case 1. Assume F =C. Because [n,|> 4+ X,y, is a quadratic form of
signature (1, 3) on b, we know, from 10.9(1), that dim by < 3 =29 — 1.

Thus, we may assume U/l # 0, so there is some » @11, such that ¢, # 0.

Subcase 1.1. Assume there exists z € Dy, such that y,=0 and n,¢R¢,.
From (7.22), we see that [u, z] € Dy, with X, ;) = —Im(¢,7;) # 0 and y, ; = 7y, ,; = 0.
This contradicts 10.9(1).

u,z

Subcase 1.2. Assume there exists z @ by, such that y, # 0. From (7.22), we see that
[, 2] is an element of Dy, such that yj, , =0, and N,z = $uY, 1s @ purely imaginary
multiple of ¢,. So Subcase 1.1 applies (with [, z] in the place of z).

Subcase 1.3. Assume 'y, = 0 andn, @ R¢,, for all z @ dg. From 10.9(1), we see that
Dg N Nyep2p = {0}, so the assumption of this subcase implies dim by < 1. Thus,

dim by + dim1t/ugo < 1 +2=3=2g— 1,

so the desired inequality holds.

If equality holds, then dimbdy =1 and dimu/ug—g = 2. Thus, we may choose
z € by, such that z # 0, and « @1, such that R¢, + R¢,, = C. From the assumption
of this subcase, we know that y, @ R¢,; thus, n,¢ R¢,. Therefore, Subcase 1.1
applies, with #' in the place of u.

Case 2. Assume I =R. Because dimbdy < dimnys =1 and dimu/ugp <
dimn, = 1, the desired inequality holds unless by # 0 and 1/us— # 0. Thus, we
may assume there is some nonzero z @by and some u @1, such that ¢, # 0.
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Subcase 2.1. Assume y, =0. We may assume |x,|> + ¢, # 0 (by replacing u
with u + z, if necessary). Let 4* = exp(tu). From (7.19), we see that A, , < £, but

: _JO@ iU k#A,n+2),
7k =1 0(1) ifj#1and k#n+2.

Therefore p(h) = O(£?) = O(k’), so Lemma 8.24(1) implies that p(h) =< A'. This is a
contradiction.

Subcase 2.2. Assume y, # 0. Let v be the element of ng with y, = —(1/¢,)x,,
and let w = exp(—v)uexp(v). Then x, = 0 (see 7.23 and 7.22). Thus, by replacing H
with the conjugate exp(—v)H exp(v) (see 8.25), we may assume x, = 0. For any large
real number ¢, let A=h" be the element of exp(fu+ n,y,p) that satisfies
Ny = —@pllynl?/12. Then, from (7.17), we see that

L ¢y Ldwn —Sdulynl® dplvnl?

L =l ol
h= 1 -y Sewl
1 =
1

Clearly, we have h < d)ily;,]z.

A calculation shows that A(k) =0, and certain other 2 x 2 minors also have
cancellation. With this in mind, it is not difficult to verify that p(h) < ¢2lys|> < h
(see [OW1, Case 3 of proof of 5.12(3 = 2)] for details). This is a contradiction.

PROPOSITION 10.12. If there does not exist a continuous curve h' — o0 in Ug—o,
such that p(h") < K, then

gln—2) if niseven,
dimug—o/Dy < | g(n —3) if nisodd andn# 3,
g—1 if n=3.

Furthermore,

(a) if equality holds, and n is even, then dimp(Fx, + Fy,) = 2, for every u € Ug—0~ Dy,
(b) if equality holds, and n =3, then dim by < g.

Proof. By passing to a subgroup, we may assume U = Ug—y. Let J” be the
projection of U to g + Nyyp; then dim V' = dimu/ dim dy.

Case 1. Assume dimp(Fx, + Fy,) =2 for every u & u\by.

Subcase 1.1. Assume n is even. From Theorem 10.9(1), we know that " does not
intersect Mg (or N4, either, for that matter), so

dim ¥ + dim ng < dim(1g + ey ) = dim 11 + dim 1g4.p.




174 ALESSANDRA I0OZZI AND DAVE WITTE MORRIS

Therefore
dimu/dim by = dim V' < dimN,yp = g(n — 2),

as desired. (If equality holds, then we have Conclusion (a).)
Subcase 1.2. Assume n is odd.

Step 1.2.1. We have dimu/by < g(n — 3). Suppose not: then
dimV = g(n—3) + 1.
(This will lead to a contradiction.) Let X = {x, | v € ¥}, so X is a R-subspace of F2,
For each x € X, there is some v = v(x) & V, such that x, = x; define f(x) = yy). By
the assumption of this case, we know
VNnng = {0},
s0 v(x) is uniquely determined by x; thus, £ X — F"~2is a well-defined R-linear map.
Also, again from the assumption of this case, we know that
f(x) ¢ Fx for every nonzero x € X. (10.13)
Because V' Nng =0, we have
dmX=dimV>qgn-3)+1=dmF"2 - (¢g-1).
If F = R (that is, if ¢ = 1), this implies X = R"2, so fis defined on all of R"™2.
Because n is odd, this implies that f has a real eigenvalue, which contradicts (10.13).
We may now assume F = C. Let

e E=(X x C"?)/=, where (x,v) = (—x, —v),
e [PX be the projective space of the real vector space X, and
o ((x,v) =[x] @« PX, for (x,v) @ E,

so (E, ) is a vector bundle over PX.

Define g: X — C"? by g(x) = ix. Any R-linear transformation Q: X — C'2isa
continuous function, such that Q(—x) = —Q(x) for all x € X; that is, a section of
(E, ). Thus, Id, f, and g each define a section of (E, {). Furthermore, these three
sections are pointwise linearly independent over R, because (10.13) implies that x,
f(x), and ix are linearly independent over R, for every nonzero x € X. On the other
hand, the theory of characteristic classes [MS, Proposition 4, p. 39] implies that (E, {)
does not have three pointwise R-linearly independent sections (see [[W, Lemma 8.2}
for details). This is a contradiction.

Step 1.2.2. Completion of the proof of Subcase 1.2. From Step 1.2.1, we sec that
the desired inequality holds.
We may now assume n = 3 and dim /by = ¢ — 1. Since dimu/bdy < g(n — 3) =0,
we must have ¢ = 1, so F' = R. Therefore ny, = nyp =0, so
dim bf) < dim Nyt28 = 4,

as desired.
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Case 2. Assume there is some v € UN\ Dy, such that dimp(Fx, + Fy,) = 1.

Subcase 2.1. Assume x, = 0. Since v¢ by, we must have y, # 0. Then X,4, #0
for every z & by (otherwise 10.9(2) yields a contradiction); this implies

X, £ 0,

and
X, =0 for every z € Dy.

Because x, # 0, we know that F # R; so
F=C.

Since x, = 0 for every z @ by, but by N 125 = 0 (see 10.9(1)), we must have 7, # 0 for
every z € dy. Therefore

dim bf) < dim Ngyop =g = 2.
Let p: V' — n,yp be the natural projection. Note that
dimkerp = 1.

(If v & u, with x, =0, then there is some ¢ € R, such that X,., = X,y + tx, = 0.
We also have x4 = 0, so, from 10.9(2), we see that v/ + tv € dy. Thus v/ € Rov + by.
So kerp = (Rv + byg)/by is 1-dimensional.)

Because x, = 0 for every z @ by, and u is a Lie algebra, we see, from (7.22), that
p(V) must be a totally isotropic subspace for the symplectic form i Im(xx"), so

dimp(¥V) < 3dimny 5 =n-2.
Therefore

dimu/by = dim V' =dimp(V) + dimkerp< (n —2)+ 1 =n—1.
This completes the proof if n #£ 3:

e If nis even, then, because n > 4, we have n — 1 < 2(n —2) = g(n — 2).
e Ifn>3isodd, thenn>5,s0n—1<2(n—3)=q(n—23).

Now let n = 3, and suppose dim ¥ = 2. (This will lead to a contradiction.) Because
equality is attained in the proof above, we must have dim p(}') =n — 2 = 1, so there
exists w € u with x,, # 0. For ¢ € R, let w, = w + tv. Then

Yo, [Py 1%+ Yo 1w, 2+ 21m (e, 5, 1,,) = % |p,]* + O()
[ +X,00 as t—> o0
__)

—X,00 as t—> —oo.

Thus, this expression changes sign, so it must vanish for some z. On the other hand,
since n = 3, we have dime(Cx + Cy) < 1 for every x,y € C"2 = C. Thus 10.9(2)
yields a contradiction.
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Subcase 2.2. Assume y, = 0. This is similar to Subcase 2.1. (In fact, this can be
obtained as a corollary of Subcase 2.1 by replacing H with its conjugate under the
Weyl reflection corresponding to the root o.)

Subcase 2.3. Assume y, # 0. Because dimp(Fx, + Fy,) = 1, Lemma 10.8 implies
there is some g @ N,, such that, letting w = g vg, we have ¢, = ¢, = 0, x,, = 0, and
Yw = ¥y # 0. There is no harm in replacing H with g~! Hg (see 8.25). Then Subcase
2.1 applies (with w in the place of v).

THEOREM 10.14. Recall that Assumptions 10.1 are in effect.
If there does not exist a continuous curve h' — oo in H, such that p(h") < h', then

dim H < {q” if n is even, (10.15)

qgn—1) ifnis odd.
Furthermore, if equality holds, and n is even, then
(1) § = (kero) x u;
(2) ¢, =0 for every u @ u1;
(3) dimp(Fx, + Fy,) =2, for every u € ux\by;
(4) I, +x.y, # 0 for every nonzero z € dy;
(5) dimu/bg = q(n —2); and
(6) dim by =2g— 1.

Proof. Let
g(n—2) if nis even,

m=1{ gr—3) ifn>=>5isodd,
q—1 if n=3.

From Lemmas 10.7(1) and 10.11, and Proposition 10.12, we have

dim H < dim h/u + (dim 1t/14—o + dim bg) + dim ug—o/ Dy
<1+Q2g—1)+m
=2q + m. (10.16)
This implies the desired inequality, unless » = 3, F = C, and we have equality in

both Lemma 10.11 and Proposition 10.12. This is impossible, because equality in
Lemma 10.11 requires dim by = 3, but Proposition 10.12(b) implies dim by < 2.

ASSUMPTION. In the remainder of the proof, we assume that equality holds in
(10.15), and that n is even. Proposition 10.9(1) implies (4).

Case 1. Assume F = C. Because equality holds, Lemma 10.11 implies (2) and (6).
Then Proposition 10.12(a) implies (3) (because Ut = 11y—p). Since U = Uy (see 2) and
equality holds in (10.15), we have

dim1t/dy = dim1ts-0/by = m = g(n — 2) (10.17)
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and
dim by = dim /1y + dim by = 2¢g — 1, (10.18)

so (5) and (6) hold.

Let T= AN (HN). Corollary 10.6 implies that 7 normalizes u, so, from (3) and
Lemma 3.21, we see that 7 C ker«. On the other hand, dim T = dim /1, so, from
equality in (10.16), we conclude that dim 7' = 1. Therefore T = kera.

Supposey: kera — N, isanycontinuous group homomorphism, such thaty(ker «)
normalizes U. From (3) and (7.22), we see that Ny (U) = e, so Y must be trivial.
This implies that 10.5(2) cannot apply here, so 10.5(1) yields (1).

Case 2. Assume F = R. Proposition 10.12(a) implies that dimg(Fx, + Fy,) =2
for every u € 1g—o~ Dy.

Suppose (2) is false. Then there is some u € u, such that ¢, # 0. Also, because
dim uty—g/dy = m > 0, we may fix some v @ 1y—¢\Dy. Then, letting w = [u, 0], we
see, from (7.22), that y,, = 0 and x,, # 0, so dimp(Fx,, + Fy,) = 1. This contradicts
the conclusion of the preceding paragraph.

Conclusion (3) follows from (2) and 10.12(a).

Conclusion (1) can be established by arguing as in the last two paragraphs of Case 1.

Equations (10.17) and (10.18) establish (5) and (6).

[0C. SUBGROUPS WITH NO NEARLY QUADRATIC CURVE

Our goal is to prove Theorem 10.21; we start with two preliminary results.

LEMMA 10.19. If there does not exist a continuous curve h' — oo in U, such that
p(h') < K|, then
(1) for every element u of Up=o, we have dimp(FFx, + Fy,) < 1,
(2) for every element z of by, we have |n,|* + Xy, = 0, and
(3) for every element u of U, such that ¢,#0, y,=0, and y, =0, we have
|xu* + 2 Re(,7,) # 0.
Proof of the Contrapositive. (1) Suppose there is an element u of 114, such that

dimp(Fx, + Fy,) = 2. Let &' = exp(tu). Then, from (7.18), we see that #' = O(¢?).
Furthermore,

Mt —3xu 12 Xet —3x, P22
2 — 2
yut_%[yul tz _ﬂut_%J’uxlt

A(h') = det( ) = Il pul? — IxapfP 1+ O).

Because dimp(Fx, + Fy,) = 2, we have [xullyal > %}l so [xul2lyul® — Ixu}I? # 0;
therefore A(h') < t*, so

17> = O(*) = O(A(H")) = O(p(K"),
so Lemma 8.24(2) implies that p(h") < [|4||%, as desired.
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(2) Suppose there is an element z of by, such that |5,|? + Xy, # 0; in other words,
we have A(z) #£ 0. Let A" = exp(tz) = Id + iz (see 7.18). Then A' = O(¢) and
12 = A(2) = Ah') = O(p(h)),
S0
[#]°= 0 = 0(p(#Y),

so Lemma 8.24(2) implies that p(h’) < ||#|%, as desired.

(3) Suppose there is an element u of u, such that ¢,#0, y,=0, y, =0, and
[x,|? + 2 Re(¢,7,) = 0. Let A = exp(tu). From (7.19), we see that ' = Id + 1 (note
that, because |x,|? + 2 Re(¢,7,) = 0, we have Re h%,n+2 = 0). Then A* = O(¢) and

h K 140) *
det 1,2 1,n+2 ) det( u )
(h;+1,2 h£z+1,n+2 0 —t¢l
So ||F|? = O(?) = O(p(h")). Thus, Lemma 8.24(2) implies that p(A') < [|A’|?, as
desired. O

2

= e,

o] >

The following lemma obtains a dimension bound from Condition 10.19(1).

LEMMA 10.20. If V is a R-subspace of F"2 @ F"~2, such that dimg(Fx + Fy) < 1
Jor every (x,y) & V, then either
(1) dim V< gn—2), or
(2) n=3 and dim V' < 2q4.

Proof. Because dimg F"~? = g(n — 2), we may assume that there exist nonzero
xo, yo @ F"72, such that (xo, 0) & ¥ and (0, yo) € V (otherwise, the projection to one
of the factors of F"2 @ F"2 is injective when restricted to ¥, so (1) holds). Then

(x0, y0) € V, 80, by assumption, we have dimpg(Fxy + Fyg) < 1. Because xg and y, are
nonzero, this implies Fxq = Fyq.

Step 1. For all (x,y) & V, we have y € Fx,. We may assume y # 0 (otherwise the
desired conclusion is obvious). Then, since dimg(Fx + Fy) < 1, we conclude that
x & Fy. Similarly, because

(x+x0,))=(x))+(x0,0 e V+ V=7,
we must have x + xq € Fy. Therefore
X =(x+x0) —x € Fy—Fy=Fy.
Since xg # 0, this implies Fxy = Fy, so y & Fxg, as desired.
Step 2. We have V C Fyy @ Fxq. Given (x, y) € V, Step 1 asserts that y € Fxg. By

symmetry (interchanging the two factors of F" 2@ F"2), we must also have
x & Fyg. So (x,y) € Fyo @ Fxg, as desired.
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Step 3. Completion of the proof. From Step 2, we have
dim ¥V < dimg (Fyo @ Fxo) = 2g.
If n = 4, then (1) holds; otherwise, (2) holds. O

THEOREM 10.21. Recall that Assumptions 10.1 are in effect.

If there does not exist a continuous curve h' — oo in H, such that p(h*) < A%, then
dim H < gn.
Furthermore, if equality holds, then H is of the form H= T x U, where
(1) T=kerp,
@) u=((n+ Myip + na+2ﬂ) nu)+ M2e428, and
(3) |x,1% + 2 Re(¢,7,) # 0 for every u € U\ Tg42p.

Proof. Note that
dimb/u <1

(see 10.7(1)) and
dimll/ll¢:0 < dimn, = q.

Step 1. We have dimug_o/by < q(n — 2). Suppose not. Let V" be the projection of
Ug—o tO Mg + Nypp. We have

dim V = dimug—9/bg > g(n — 2),

and, for every u @ 4o With x, # 0, we have dimp(Fx, + Fy,) <1 (see 10.19(1)),
so Lemma 10.20 implies that »n = 3. Therefore, dimng = dim 1,43 =¢. Then,
because dim V > g(n —2) = q, we know that V'Nng#0 and VN 1eyp # 0; thus,
there exist #, v € Ug—o, such that

e x,=0,y,#0; and
o x,#0,y,=0.

Therefore [u, v] is a nonzero element of 1,425 (see 7.22), so A([u, v]) # 0. This contra-
dicts Lemma 10.19(2).

Step 2. We have dim by < ¢ — 1. Suppose not: then, because dim o425 = ¢ — 1,
there is some u @ Dy \Ty42p, and, because dimnyp =g —1, there is some non-
zero v € by, such that y, =0. We must have 5, =0 (otherwise 10.19(2) yields a
contradiction); thus v @ Ny125. We must have y, # 0 (otherwise 10.19(2) yields a
contradiction). Thus, we see that

MIZ + Xu-HUyu-Hv = Mulz + (Xu + tXU)(tyu)

is nonconstant as a function of ¢ & R, so 10.19(2) yields a contradiction.
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Step 3. The desired inequality. We have

dimb < dimb/u + dim U/Ug=g + dim 11¢:0/bf) + dim bf)
<l4+g+qgn—-2)+@-1)
- qn’
as desired. a

ASSUMPTION. In the remainder of the proof, we assume that dim H = gn. We must
have equality throughout the preceding paragraphs.

Step 4. We have V C N,yp. Suppose not: then there is some v € U4, such that
ys#0. Let u @ i1y and w = [u, v]. Then, from (7.22), we see that y,, =0 and
xw #0, and that [v, w] @ T,0p + Moyq2p. From 10.19(1), we have x, € Iy, and
Xyp1+2 € Fyv+w = Fyv: SO

Xw = Xppw — Xy € Fyv - Fyv = Fyv-

Therefore xwyTv # 0, 50 1,1 # 0 (see 7.22), so 10.19(2) yields a contradiction.

Step 5. We have by = Ny,42p5. From Step 4, together with the fact that
dim V' = dimtg—o/dg = g(n — 2) = dim N4y,
we conclude that ¥ = 1,,4. Therefore,
Ug—o+D=V+D="1,5+D,
$0
u D [Ug—0, Ug=o]
= [Ug=0 + D, Ug—o + D]
= [Nysg + D, Nayp + D]

= [naH—ﬂa na+ﬂ]
= Muy2p.

Because dim by = g — 1 = dim Ty,425, we must have Dy = Tyuq0p.

Step 6. We have by = Nyei2p. Let T= (HN)N A be the projection of H to A4.
Then there exists o @ {f, «+ f,« +2f}, such that T = ker(x — o), and, in the
notation of Lemma 3.21, we have

U= (N %) 4 (U N1,

Because 7' normalizes 11, (see 10.6), we know, from Lemma 3.21, that u = (u N n=*)+
(1N 7). Since dim /1149 = ¢, we know that 1 N 1= projects nontrivially (in fact,
surjectively) to 1,. On the other hand, we know that u N1, = 0 (otherwise 10.19(3)
yields a contradiction). Therefore n=* # 11,, so there must be a positive root ¢ # «,




TESSELLATIONS OF HOMOGENEOUS SPACES 181

such that o]y = «|7. Then T C ker(x — ¢); since dim 7' = dim H/U = 1, we must have
T = ker(x — o).
Because 1t N 7" C 1149, We have
unn= . u/(unn?)

u
dimunNnn™) > dm——7F— =dim—————=dim——=g¢.
( ) mu¢=o N n=¢ Ug—o/ (1 N N7%) Ug—o 7

Then, since 1 N n, = 0, we must have
dimn=™ > dim@uNn™)+dimn, = g+ g = 24.

By inspection, we see that this implies o¢ {2«,25}, so we conclude that
o €{f,a+ f,a+ 2B}, as desired.

Step 7. We have o @ {a+ S, 0+ 28}, T=kerf, and n™ = n, + Nypp + Myy2p.
Since ker f = ker 2, it suffices to show ¢ # . Thus, let us suppose ¢ = f. (This will
lead to a contradiction.) We have n=" =mn, + 1 (and recall that unn, = {0}),
so there is some « @ 1, such that ¢, # 0 and y, # 0. Because V' = n,,5, we have

dim{v € V|x, € Fy,} = g > dim Fipag,

so there is some v € 4=, such that 0 # x, € Fy, and y, = 0. Then [u, v] & 11,195+
Tagt2p, With ny, ;) # 0 (see 7.22), so 10.19(2) yields a contradiction.

Step 8. We have H=(HNA) x (HNN). Suppose not: because T = ker f,
we conclude that there is some nonzero w € 1ig + 14, such that w normalizes u
(see 10.5).

If y,, # 0, then, because V' = 1,4, there is some v € 13—, such that y,, € Fx, and
¥» = 0. Then [w, v] € Nyt2p + Nogr2p, With np, ; # 0 (see 7.22), so 10.19(2) yields a
contradiction.

If y, =0, then, since w# 0, we must have y, # 0. There is some v & u with
¢, # 0. Then [w, v] € Nyrop + Nagr2p, With uy, ;5 # 0 (see 7.22), so 10.19(2) yields a
contradiction.

Step 9. Completion of the proof. (1) From Step 8, We know that H = T x U, and,
from Step 7, that T = ker §.

(2) Since M~ = Ny + Myip + Nytop, it suffices to show UN N = Ty, 050 given
v € uN 1™, we wish to show v & Nyy12p. Because V= 1,.p, we know that y, = 0.
Thus, all that remains is to show that y, = 0. If not, then choosing « € u with
¢, # 0, we see that 1, ; # 0 (see 7.22). So 10.19(2) yields a contradiction.

(3) From Lemma 10.19(3), we know that |x,|* 4+ 2Re(¢,7,) # 0 for every
U € UNTyq08. [ ]

11. Homogeneous Spaces of SO(2, n) and SU(2, n)

This section proves two main results. Both assume that G is either SO(2,n) or
SU(2, n).
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(1) Theorem [1.1 shows that if # is odd, and one or two specific homogeneous spaces
of G do not have tessellations, then no interesting homogeneous space of G has a
tessellation.

(2) Theorem 11.2 shows that if # is even, then certain deformations of the examples
found by Kulkarni and Kobayashi (see 1.11) are essentially the only interesting
homogeneous spaces of G that have tessellations.

The classification results of Section 10 (specifically, Theorems 10.21 and 10.14) play a
crucial role in the proofs.

We use the notation SU(2, ; F) of Section 7, to provide a fairly unified treatment
of SO(2, n) and SU(2, n).

THEOREM 11.1. Assume G =SUQ2,2m+ 1;F) with m > 1, and let H be any
closed, connected subgroup of G, such that neither H nor G/H is compact.

If Conjecture 1.19 is true, then G/H does not have a tessellation.

Proof. Assume Conjecture 1.19 is true, and suppose I is a crystallographic group
for G/H. (This will lead to a contradiction.) Let

H; =SU({,2m+1;F) and H; =Sp(,m;F)

(see 7.12). From (7.15), we have d(H)) = g(2m+ 1) and d(H,) = q(2m), where
g = dimg F. We may assume that H C AN (see 3.5), and that H is compatible with
A (see 10.3).

Because H is not a Cartan decomposition subgroup (see 2.9), the contrapositive of
Proposition 8.19 implies, for some & € {1, 2}, that there does not exist a continuous
curve h' — oo in H, such that p(#') < ||A||¥. Therefore, either Theorem 10.14
(if kK = 1) or Theorem 10.21 (if k = 2) implies that d(H) < g(2m + 1) = d(H)).

We consider two cases.

Case 1. Assume that T acts properly discontinuously on G/H,. Theorem 4.1(2)
(combined with the fact that d(H) < d(H1)) implies that G/H; has a tessellation.
This contradicts either Theorem 1.20 (if F = R) or Conjecture 1.19¢c (if F = C).

Case 2. Assume that I' does not act properly discontinuously on G/H;. From
Lemma 8.21, we know that u(H1) and u(H,) are the two walls of AT, so Corollary
4.11 (combined with the assumption of this case) implies that I" acts properly
discontinuously on G/H,. Therefore, since Conjecture 1.19ab asserts that G/H,
does not have a tessellation, the contrapositive of Theorem 4.1(2) (with H; in the
role of Hi) implies that d(H) > d(H,;) = q(2m). Hence, the contrapositive of
Theorem 10.14 implies there is a continuous curve A' — oo in H, such that
p(h") =< h*. Thus, there is a compact subset C of G, such that H; ¢ CHC (see 8.22).
Since I' acts properly discontinuously on G/H, this implies that I' acts properly
discontinuously on G/H; (see 2.4). This contradicts the assumption of this case.

O
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THEOREM 11.2. Assume G = SUQ2,2m; F) with m =2, and let H be a closed,
connected, nontrivial, proper subgroup of AN.

The homogeneous space G/H has a tessellation if and only if either

(1) there is an R-linear map B:F"~2 — F"72, such that
(a) Im((wB)(wB)") = —Im(vw?) for every v, w € F*2 (see 9.8), and
(b) xB¢Fx, for every nonzero x @ F"=2 (see 9.9), and
(¢) H is conjugate to Hg (see 9.3 and 9.6); or
(2) F =R and H is conjugate to SU(1, 2m; R) N AN (see 7.12); or
(3) F =C and there exists ¢ € (0, 1], such that H is conjugate to Hy (see 9.11).

Proof. (<) See (1) Theorem 9.7(2), (2) Theorem 9.2 (and 7.15), or (3) Theorem
9.14(2).

(=) Let n = 2m, so G = SU(2, n; F). By combining Remark 1.16, Corollary 4.12,
Lemma 8.21, and Remark 7.15, we see that

dim H = d(H) > min{dSU(1, n; F)), d(Sp(1, m; F))} = gn.

Also, we may assume H is compatible with 4 (see 10.3). Because H is not a
Cartan decomposition subgroup (see 2.9), Proposition 8.19 implies that one of the
following two cases applies.

Case 1. Assume there does not exist a continuous curve h' — oo in H, such that
p(h") =< K. Since dim H > gn, Theorem 10.14 implies that dim H = gn, and that H is
of the form H = T x U (with U C N), where

1) T=kera;

(i) ¢, =0 for every u e 1;
(iil) dimp(Fx,+ Fy,) =2, for every u @ 1\Dy;
(iv) |1, +x.y, # 0 for every nonzero z @ Dy;
(v) dimu/by = g(n — 2); and
(vi) dimbg =2g — 1.

Step 1.1. We may assume that by = {z € D|x, = —y, }. Because dim dy = 2g — 1
(see vi), it suffices to show that x, = —y, for all z € by. This is trivially true if F = R,
as X;, Y, € Finag = {0} in this case. Thus, we assume FF = C.

For any z € by with 5, =y, =0, we know, from (iv), that z = 0; therefore,
Lemma 8.26(1) implies there exist R-linear maps R:C — iR and S:iR — iR, such
that x, = R(n,) + S(y,) for all z € by. More concretely, we may say that there exist
A @ C and ¢ @ R, such that x, = Im(4#,) + cy, for all z € by.

Let v be the element of n, with ¢, = /2, and let H* = exp(—v)H exp(v) be the
conjugate of H by exp(v). Then H* satisfies the conditions imposed on H (note that
0¥, like H, is compatible with 4 (see 10.4)), so there exist 4* € C and ¢* € R,
such that X, =Im(4*n,)+c*y, for all z* @by. Given z*e by with y. =0,
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let z = exp(v)z exp(—v). Because y,. = 0, we have [[z*, —v], —v] = 0, so, from Remark
7.23 and (7.22), we see that

Y: =Y~ =0,

Ny =Mp = P_Yor =,
and

X; = Xpr + 2Im(¢_,77) = Xr + 2Im((—4/2)7;) = Xor +Im(An,) = X,e + X,
Therefore

0 =X = Im(A*n,.) + "y, = Im(4* 7).

Since #,. is arbitrary, this implies A* = 0. Thus, by replacing H with H*, we may
assume that A = 0. This means that y, = cX;, for all z € by.

From (vi) (and because F=C, so ¢=2), we know that dimby=3>1,
so there is some nonzero w @by, such that y,=0. (So X, =cy, =0) Then
1,512 + XwY,, = [1,,I> > 0, so we see, from (iv), that |#,[*> 4+ x,y, > 0 for every nonzero
z € by. Now, since

dim b[) =3>2= dimna+2,;,
there is some nonzero z € by, such that #, = 0. We have
0 < ]’12]2 +X2yz = 0 + C‘y?

Because y, is pure imaginary, we know that y2 < 0, so this implies that ¢ < 0. Thus,
replacing H by a conjugate under a diagonal matrix, we may assume ¢ = —1,
as desired.

Step 1.2. Setting W' = (1, + Teqp) N U, we have L = 1’ + Dy. Since T = ker  (see i),
we have

L4 ﬁIT:(a+ﬁ)lT,
o 2flr = (¢ +2P)r= 2+ 2p)Ir, and
o fBlr #2BIr.

Thus, in the notation of Lemma 3.21, we have n=? nu =1’ and n* nu = by,
so u =1’ @ by, as desired. (Note that this is a direct sum of vector spaces, not of
Lie algebras: we have [w/, u'] C by.)

Step 1.3. Completion of the proof of Case 1. For any u @1’ with x, = 0, we have
dimp(Fx, + Fy,) = dimg Fy, <1 < 2,

so u @1’ N Dby = {0} (see iii); therefore, Lemma 8.26(1) implies there is a R-linear
map B:F"? — F"2, such that y, = x,B for all u @1’. Then, because

dim 1, 5 = dimg F"% = g(n — 2) = dim v’
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(see v), we must have
w = {u@ng+Nyp|y, = x,B}.
Combining this with (i) and the conclusions of Steps 1.1 and 1.2, we see that § = b.
Therefore H = Hp, so Conclusion (lc) holds.
From (iii), we see that Conclusion (1b) holds.
Letting z = [u, v], for any u, v @ U, we see, from (7.22), that
X, = —2Im(xux1)
and
Y, = —2Im(y.y}) = -2 Im((x.B)(x.B)").
From Step 1.1, we know that y, = —X;, so this implies that Conclusion (1a) holds.

Case 2. Assume there does not exist a continuous curve h' — oo in H, such that
p(h") < ||h']|2. Since dim H > gn, Theorem 10.21 implies that dim H = gn, and that
H is of the form H = T x U, where

(i) T =kerp,
(i) 1 = (Mg + Nogp + Nug2p) N U) + N2gy2p, and
(iii) |x,1> 4+ 2 Re(,7,) # 0 for every u € U\ Ty i
Let
W = (g + Nopp + Mag2p) N U
(so u = @ Nyu42p). Let O be the sesquilinear form (or bilinear form, if F = R) on
F @ F" 2 @ F defined by
Qb1 X1, M), (b, X2, m)) = $17T3 + X1 + 116y
Let

Vf) = {(d)u’ Xu, nu) € F (5] Fn——Z D F I uc 11/}.

From (iii), we see that the restriction of ReQ to Fy is a (positive-definite) inner
product.

Let VBL be the (Re Q)-orthogonal complement to V5. As a form over F, Q has
signature (1, n — 1). Thus, as a form over R, Re Q has signature (g, g(n — 1)). Since

dim Vy =dimb —dimt —dimngep=gn— 1~ (g— D =¢g(n— 1),

we conclude that VBL is a g-dimensional R-subspace on which Re Q is negative-
definite.

Choose some nonzero u @ VBL. Multiplying by a real scalar to normalize, we may
assume Q(u, u) = —2. Because SU(1,n — 1) is transitive on the vectors of norm —1,
there is some g @ SU(Re Q), such that g(u) = (1,0, —1). Thus, letting

1 00
g=10 g 0|eSUQnE), (11.3)
00 1
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and §' = 27'g, we have (1,0, —1) @ Vi, so, by replacing f) with the conjugate ",
we may assume u = (1,0, —1).
Then

Vy cut
=(1,0,-1)?t
= {(¢,x,m) | Re Q((¢, x, 1), (1,0, -1)) = 0}
= {(¢, x, ) | Re(¢(—1) + x(0") + n(1)) =0}
={(¢,x,n)|Ren=Red}. (114

Subcase 2.1. Assume F = R. By comparing (11.4) and (7.13) (with F =R), we
conclude that

) c SU,m R)N (a+n).

By comparing dimensions, we see that equality must hold; this establishes
Conclusion (2).

Subcase 2.2. Assume F = C. Choose some nonzero v € V¢, such that v is (Re Q)-
orthogonal to u. Multiplying by a real scalar to normalize, we may assume
Q(v, v) = —2. By replacing v with —v if necessary, we may assume (Im Q(u, v))/i = 0.

Because v is (Re Q)-orthogonal to u = (1, 0, —1), we have Re#n, = Re ¢, (see 11.4).
Let s = (Im¢,)/i and ¢t = (Im#,)/i. Then

0 < (Im Q(u, v))/i

= (Im((D)7, + 0(x]) + (= 1)$,))/i
=(—Im#n,+Im¢,)/i
=—t+s5,
SO
(Im Q(u, v))/i = |s — 1|.
Also,
-2 =0(v,v)
= |x,[* + 2 Re(,7,)
= |x,[* + 2(Re ¢,)* — 2(Im ¢,)Im 1,)

= 2st,

so st < —1. Thus, s and ¢ are of opposite signs so, because |s|jz] = 1, we have

Am Q(u, v)/i = |s — t] = |s| + [t] > 2.
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Therefore, we may choose ¢ € (0, 1], such that

Im Q(u, v) = i(c +%)

w= (1, 0, —ic).
C
Then
O(w, w) = Ix,|*> + 2Re(,77,,) = 0% + 2(i/c)(ic) = —2 = Q(v, v),

Let

and
_ 1
Q) = 875+ 5, 18y = (1600 + 0+ (1570 =i e+ ) =Im Q)
Hence, there is some 4 € SU(Q), such that h(u) = u and h(v) = w. Thus, replacing §)

with the conjugate h _lf)hA (cf. 11.3), we may assume v — w.
Therefore

Vy C ot
= (o0
= (i, 0, —ic®)*
= {(¢, %, 1) [Re Q((¢, x, 1), (i, 0, —ic?)) = 0}
= {(¢, x,m | Re(¢(ic*) + x(01) + 1(—)) = 0}
= {(¢,x,n) | Imn = c*Im ¢).
By combining this with (11.4) and comparing with (9.11) (with F = C), we conclude

that § C ;. By comparing dimensions, we see that equality must hold; this
establishes Conclusion (3) (because 0 < ¢ < 1). ]

Theorem 11.2” can be restated in the following more elementary (but less precise)
form. O

COROLLARY 11.5. Let H be a closed, connected subgroup of G = SU(Q,2m; F)
with m = 2, such that neither H nor G/H is compact, and let g = dimp [F.
The homogeneous space G/H has a tessellation if and only if
(1) d(H) = 2gm; and
(2) either H~ SU(1, 2m; F) or H ~ Sp(1, m; ).

Proof. (<) This is Theorem 9.2.
(=) Theorem 11.2(=) provides us with three possibilities.

(1) In each case, we have d(H) = 2gm (see 9.5, 7.15, and 9.12).

(2) In each case, there is some k & {1, 2}, such that p(h) < ||A||* for h € H (see 9.7(1),
8.21(1), and 9.14(1)). Then Corollary 8.23 implies either that H ~ SU(1, 2m; )
(if K = 1) or that H ~ Sp(1, m; F) (if k = 2). O
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The following proposition shows that no further restriction can be placed on c in
the statement of Theorem 11.2(3).

PROPOSITION 11.6. If F = C, then Hy, is not conjugate to Hyy, unless ¢ = ¢ (for
¢, ¢ € (0,1]).

Proof. Suppose g_lH[C]g = Hj, for some g @ G = SU(2, 2m). Because all maxi-
mal split tori in Hj. are conjugate, we may assume that g normalizes ker . Since all
roots of ker § on both by and b are positive, g cannot invert ker f, so we conclude
that g centralizes ker f; that is, g @ Cg(ker f).

In the notation of Case 2 of the proof of Theorem 11.2, define

= {h|h € SUQ)}

(cf. 11.3). Then Cg(ker f) = (ker f)S, so we may assume g € S (because ker S,
being a subgroup of Hjq, obviously normalizes H;). Write g = h. Then, because
g Hc]g Hjq, we must have h(VfJ ]) = Vh[ W hence h(Vl ) = VL

For any basis {u, v} of Vl with Q(u, u) = O(v, v) = ' 2 and Re Q(u, v) =0,
we have

Im Q(u, v) = +i(c + (1/¢)).

Similarly for any (Re Q)-orthonormal basis {#/, v’} of Vhl[,]. Because 4 e SU(Q),
this mmplies ¢ + (1/¢) = ¢ + (1/¢"). Because ¢, ¢’ € (0, 1], we conclude that ¢ = ¢,
as desired. ]
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