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ABSTRACT 

A process  f o r  c r e a t i n g  r e p e a t i n g  p a t t e r n s  of 
t h e  hype rbo l i c  p lane  i s  desc r ibed .  Unl ike  t h e  
Euclidean p l ane ,  t h e  hype rbo l i c  p l ane  has 
i nÂ i n i t  e l y  many d i f f e r e n t  k inds  of r e p e a t i n g  
p a t t e r n s .  The Poincare  c i r c l e  model of hype rbo l i c  
geometry has  been used by t h e  a r t i s t  M. C .  Escher 
t o  d i s p l a y  i n t e r l o c k i n g ,  r e p e a t i n g ,  hype rbo l i c  
p a t t e r n s .  A  program has been designed which w i l l  
do t h i s  au toma t i ca l ly .  The use r  e n t e r s  a  m o t i f ,  o r  
b a s i c  subpa t t e rn ,  which could t h e o r e t i c a l l y  be  
r e p l i c a t e d  t o  f i l l  t h e  hype rbo l i c  p l ane .  I n  
p r a c t i c e ,  t h e  r e p l i c a t i o n  process  can be  i t e r a t e d  
s u f f i c i e n t l y  o f t e n  t o  appear t o  f i l l  t h e  c i r c l e  
model. There i s  an i n t e r a c t i v e  "boundary 
procedure" which a l lows t h e  u s e r  t o  des ign  a  motif  
which w i l l  b e  r e p l i c a t e d  i n t o  a  completely 
i n t e r l o c k i n g  p a t t e r n .  Dup l i ca t ion  of two of 
Escher's p a t t e r n s  and some e n t i r e l y  new p a t t e r n s  
a r e  inc luded i n  t h e  paper .  
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1 . INTRODUCTION 

This paper desc r ibes  a  process  by which 
r epea t ing  p a t t e r n s  of t h e  hype rbo l i c  p l ane  may be  
genera ted .  A r e p e a t i n g  p a t t e r n  i s  de f ined  t o  be  a  
p a t t e r n  which remains i n v a r i a n t  under c e r t a i n  
t r ans fo rma t ions  of t h e  hype rbo l i c  p lane .  The 
Po inca re  c i r c l e  model of hype rbo l i c  geometry g ives  
a  conc re t e  r e a l i z a t i o n  of t h e  hype rbo l i c  p l ane  
[Coxeter ,  1961 1 .  The p o i n t s  of t h i s  model a r e  t h e  
i n t e r i o r  p o i n t s  of a  c i r c l e ,  c a l l e d  t h e  bounding, 
c i r c l e ;  t h e  hype rbo l i c  l i n e s  a r e  r ep re sen ted  by t h e  
d iameters  o f  t h e  bounding c i r c l e  and c i r c u l a r  a r c s  
or thogonal  t o  t h e  bounding c i r c l e .  
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The hype rbo l i c  t r ans fo rma t ions  of most 
i n t e r e s t  t o  us a r e  r e f l e c t i o n s  ac ros s  hype rbo l i c  
l i n e s  and r o t a t i o n s  about p o i n t s .  Hyperbolic 
r e f l e c t i o n s  c o n s i s t  of o r d i n a r y  Euclidean 
r e f l e c t i o n s  ac ros s  d iameters  and i n v e r s i o n s  wi th  
r e s p e c t  t o  t h e  c i r c u l a r  a r c s .  A r o t a t i o n  about a  
p o i n t  can be  produced by succes s ive  r e f l e c t i o n s  
a c r o s s  two l i n e s  i n t e r s e c t i n g  a t  t h a t  p o i n t  and a t  
an ang le  equal  t o  h a l f  t h e  ang le  of r o t a t i o n .  

Given a  r e p e a t i n g  p a t t e r n ,  t h e  symmetry 
of t h e  p a t t e r n  c o n s i s t s  of a l l  t h e  t r ans fo rma t ions  
which p re se rve  t h a t  p a t t e r n .  Converse ly ,  given a  
group of t r ans fo rma t ions  and a  b a s i c  subpa t t e rn  o r  
a, a  r e p e a t i n g  p a t t e r n  can be  cons t ruc t ed  by 
parquet ing  t h e  hype rbo l i c  p l ane  wi th  cop ie s  of t h e  
motif  ob t a ined  by applying t r ans fo rma t ions  from t h e  
group t o  t h e  o r i g i n a l  m o t i f .  This  i s  t h e  process  
t h a t  w i l l  be  desc r ibed  i n  t h i s  pape r .  

The u s e r  f i r s t  s e l e c t s  one of t h e  f o u r  k inds  
of groups of t r ans fo rma t ions .  These groups w i l l  be  
desc r ibed  i s  Sec t ion  2. Then a m o t i f  i s  en t e red  
i n t e r a c t i v e l y  wi th  t h e  a i d  of a  "boundary 
procedure",  to  be  desc r ibed  i n  Sec t ion  4 .  The 
m o t i f s  can be  des igned t o  form an i n t e r l o c k i n g  
p a t t e r n ,  i f  d e s i r e d .  F i n a l l y ,  t h e  cop ie s  of t h e  
motif  a r e  r e p l i c a t e d  about t h e  c i r c l e  model of t h e  
hype rbo l i c  p l ane ,  u s ing  t r ans fo rma t ions  from t h e  
s e l e c t e d  group. 

2. SYMMETRY GRCUPS 

There a r e  i n f i n i t e l y  many types  of r e p e a t i n g  
p a t t e r n s  of t h e  hype rbo l i c  p l ane ,  g i v i n g  r i s e  t o  
i n f i n i t e l y  many symmetry groups.  This  paper  w i l l  
concen t r a t e  on f o u r  f a m i l i e s  of symmetry groups 
whose p a t t e r n s  a r e  h igh ly  symmetric. 

A r e g u l a r  t e s s e l l a t i o n ,  m, of t h e  
hype rbo l i c  p lane  i s  a  cover ing o f  t h e  hype rbo l i c  
p lane  by r e g u l a r  p-sided polygons,  o r  simply 
p - g o  meeting on ly  edge-to-edge and v e r t  ex-to- 
v e r t e x ,  q  a t  a  v e r t e x  [ s e e  Coxeter and Moser, 1957 
f o r  n o t a t i o n ] .  I t  i s  neces sa ry  t h a t  (p-2)*(q-2) > 
4  i n  o r d e r  t h a t  t h e  q  v e r t e x  angles  add t o  360 
degrees .  The heavy l i n e s  of F igu re  1  show a  {6,4}.  

The symmetry group o f  t h e  t e s s e l l a t i o n  {p,q} 
c o n s i s t s  of r e f l e c t i o n s  a c r o s s  t h r e e  k inds  of 
l i n e s :  t h e  edges of t h e  p-gons, t h e  pe rpend icu la r  
b i s e c t o r s  o f  t h e  edges,  and t h e  r a d i i  of t h e  p-gons 
which pass  through t h e  v e r t i c e s .  Th i s  symmetry 
group i s  denoted [Coxeter ,  Moser, 19571. The 
l i g h t  and heavy l i n e s  of F igu re  1  show t h e  l i n e s  of 
r e f l e c t i v e  symmetry of t h e  {6,4}.  These l i n e s  of 
r e f l e c t i v e  symmetry d i v i d e  t h e  hype rbo l i c  p l ane  



Computer Graphics Volume 15, Number 3 August 1 98 1 

i n to  congruent hype rbo l i c  r i g h t  t r i a n g l e s  wi th  
a c u t e  angles  of T f / p  and W/q. Any one of t h e s e  
t r i a n g l e s  i s  a  fundamental  r eg ion  f o r  t h e  group 
[p ,q ]  s i n c e  t h e  images of one such t r i a n g l e  by a l l  
t h e  t r ans fo rma t ions  i n  [ p , q ]  w i l l  exac t ly  cover t h e  
hype rbo l i c  p lane .  Thus t o  c r e a t e  a  r epea t ing  
p a t t e r n  wi th  t h i s  symmetry group,  it i s  neces sa ry  
on ly  t o  c r e a t e  a  motif  w i t h i n  one of t h e  t r i a n g l e s  
and then succes s ive ly  r e f l e c t  t h a t  motif  over  t h e  
hype rbo l i c  p lane .  Note t h a t  t h e  mot i f  need no t  
f i l l  t h e  fundamental  r eg ion .  Also  t h e  r e f l e c t i n g  
edges form a  n a t u r a l  boundary beyond which t h e  
motif  need n o t  be  extended, s i n c e  t h e  p a t t e r n  w i l l  
au toma t i ca l ly  be  extended t h e r e  by t h e  r e f l e c t i o n  
p roces s .  F igu re  2  shows a  motif  w i t h i n  a  
fundamental  r eg ion  f o r  t h e  {6 ,4}  and F igu re  3 shows 
t h e  complete p a t t e r n  gene ra t ed  by t h e  m o t i f .  

F i g u r e  3 .  

The r e p e a t i n g  p a t t e r n  gene ra t ed  by t h e  motif  
of F igu re  2  and t h e  symmetry group [ 6 , 4 ] .  

The t e s s e l l a t i o n  { P , ~ }  a l s o  has r o t a t i o n a l  
symmetries of o r d e r s  p ,  q ,  and 2 about t h e  c e n t e r s ,  
v e r t i c e s ,  and c e n t e r s  of t h e  edges,  r e s p e c t i v e l y ,  
of t h e  p-gons. We denote  t h i s  ( o r i e n t a t i o n  
p re se rv ing )  group of r o t a t i o n s  by [ p , q ] + .  A 
fundamental  r eg ion  i n  t h i s  ca se  can be t aken  t o  be  
an i s o s c e l e s  t r i a n g l e  w i th  angles  2fftp, f f / q ,  and 

f f /q  formed from two of t h e  t r i a n g l e s  i n  t h e  
previous  ca se  (F igu re  4 ) .  

F igu re  1 

The t e s s e l l a t i o n  {6,4} ( o u t l i n e d  in  da rk  
l i n e s ) ,  showing a l l  l i n e s  o f  r e f l e c t i v e  symmetry 
(both  d a r k  and l i g h t  l i n e s ) .  

F igu re  4 .  
F igu re  2 .  

The dashed l i n e s  o u t l i n e  a  fundamental  r eg ion  
A  t r i a n g u l a r  fundamental  r eg ion  f o r  t h e  group f o r  t h e  group [6 ,41+.  The d o t t e d  l i n e s  o u t l i n e  

[ 6 , 4 ]  con ta in ing  a  bent  arrow m o t i f .  ad j acen t  copies  of t h e  fundamental  r eg ion .  
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I n  t h i s  ca se ,  however, t h e r e  a r e  no n a t u r a l  
boundar ies .  I t  i s  up t o  t h e  user  t o  supply t h e  
motif boundary. The motif boundary can extend ove r  
t h e  edge of t h e  t r i a n g u l a r  fundamental r e g i o n ,  
provided t h a t  it i s  correspondingly  indented  
elsewhere a long t h e  edge of t h e  fundamental r eg ion  
(F igu re  4 ) .  An i n t e r a c t i v e  "boundary procedure",  
desc r ibed  i n  Sec t ion  4 ,  a i d s  t h e  u se r  i n  t h i s  
process .  I f  t h e  motif  and any corresponding 
i n d e n t a t i o n s  f i l l  t h e  t r i a n g u l a r  fundamental  
r eg ion ,  t hen  t h e  motif i t s e l f  can be  taken t o  be  
t h e  new fundamental r eg ion .  I n  t h i s  ca se ,  t h e  
p a t t e r n  formed by t h e  transformed images o f  t h e  
motif  w i l l  be  completely i n t e r l o c k i n g .  

I f  p-fold r o t a t i o n a l  symmetry about t h e  
c e n t e r s  of t h e  p-gons of a  {p,q} t e s s e l l a t i o n  i s  
combined wi th  r e f l e c t i v e  symmetry ac ros s  t h e  edges ,  
then a  new group of symmetries,  [ p + , q l ,  iJ 
ob ta ined .  Here, q  must be  even so t h a t  r e f l e c t i v e  
symmetry occurs  only  a c r o s s  edges.  The fundamental  
r eg ion  can be  taken t o  be  t h e  same i s o s c e l e s  
t r i a n g l e  used f o r  t h e  previous  group. The base  of 
t h e  i s o s c e l e s  t r i a n g l e ,  be ing a  l i n e  of r e f l e c t i o n ,  
forms a  n a t u r a l  boundary, but  t h e  i n t e r a c t i v e  mot i f  
'boundary  procedure" i s  needed f o r  t h e  o t h e r  two 
s i d e s  (F igu re  5a ) .  

On t h e  o t h e r  hand, t h e  symmetry group c o n s i s t i n g  
of q-fold r o t a t i o n a l  symmetries about t h e  v e r t i c e s  
of a  t e s s e l l a t i o n  {p,q} toge the r  wi th  r e f l e c t i v e  
symmetries ac ros s  t h e  perpendicular  b i s e c t o r s  of 
t h e  edges i s  denoted by [ p , q + ] .  I n  t h i s  ca se  p  
must be  even. The fundamental  r eg ion  can b e  taken 
t o  be  a  k i te-shaped a r e a  formed by jo in ing  two of 
t h e  r i g h t  t r i a n g l e s  of t h e  [p ,q ]  ca se  a long a  
hypotenuse (F igu re  5b ) .  

F igu re  5a.  Fundamental r eg ion  f o r  t he  group [ P + , ~ ]  
Figure  5b. Fundamental r eg ion  f o r  t h e  group 
[p ,q+I .  

S o l i d  l i n e s  i n d i c a t e  l i n e s  of r e f l e c t i v e  
symmetry. Dashed l i n e s  complete t h e  o u t l i n e  of t h e  
fundamental  region.  Dot ted  l i n e s  complete t h e  
o u t l i n e s  of adjacent  copies  of t h e  fundamental  
r eg ion .  

The two edges of t h e  k i t e  corresponding t o  
r e f l e c t i o n  l i n e s  form a  n a t u r a l  boundary,  but 
aga in ,  t h e  i n t e r a c t i v e  "boundary procedure"  i s  
needed f o r  t he  o t h e r  two s i d e s .  (From an a b s t r a c t  
p o i n t o f  view, t h i s  group i s  t h e  same as  t h e  
previous  one.  I t  i s  d i s t i n g u i s h e d  from t h a t  case  
by having r e f l e c t i v e  r a t h e r  than r o t a t i o n a l  
symmetry about t he  c e n t e r  of t h e  Poincare  c i r c l e  
model.) 

3 .  HISTORY 

The f i r s t  well-known r e p e a t i n g  p a t t e r n s  of t h e  
hype rbo l i c  p lane  were t h e  t e s s e l l a t i o n s  { p , q }  which 
appeared i n  mathematical  expos i t i ons  [ F r i c k e  and 
Kle in ,  18901. Of ten ,  f o r  c l a r i t y ,  o n e ' h a l f  of each 
of t h e  i s o s c e l e s  t r i a n g u l a r  fundamental r eg ions  f o r  
t h e  group [ p , q ] +  were shaded, t h e  o t h e r  ha l f  being 
l e f t  b lank.  Figure  6  shows one such p a t t e r n  wi th  
symmetry group [6 ,41+.  

Figure  6 .  A p a t t e r n  wi th  symmetry graup [6 ,41+.  

This p a t t e r n  appeared i n  an a r t i c l e  by 
H .  S. M .  Coxeter (Coxeter ,  1957) which i n s p i r e d  t h e  
Dutch a r t i s t  M. C .  Escher t o  c r e a t e  more 
complicated r epea t ing  p a t t e r n s  of i n t e r l o c k i n g  
mot i f s .  Two of t h e  f o u r  hype rbo l i c  p a t t e r n s  which 
he c r e a t e d  a r e  shown i n  Figures  7  and 8 ,  wi th  
symmetry groups [8,3+1 ( i f  d i f f e r e n c e s  i n  shading 
a r e  ignored)  and [6,4+1 r e s p e c t i v e l y .  I n  1978, 
Alexander ( ~ l e x a n d e r ,  1978) developed a  computer 
program t o  gene ra t e  r e p e a t i n g  p a t t e r n s  wi th  
symmetry group [p ,q l  once t h e  coo rd ina t e s  of t h e  
motif  had been en te red .  
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Figure  7 .  

M. C .  Escher's p r i n t  C i r c l e  Limit II, taken 
from "The World of M .  C .  Escher" [Locher 19711. I f  
shading i s  ignored,  t h i s  p a t t e r n  has symmetry group 
[ 8 , 3 + l .  

F igu re  8 .  

M. C .  Escher's p r i n t  C i r c l e  LImit IV, taken 
from "The World of M. C .  Escher" [Locher 19711. 
The symmetry group of t h i s  p a t t e r n  i s  [ 6 , 4 + ] .  

4 .  THE PATTERN CREATION PROCESS 

The process  begins  wi th  t he  choice  o f  one of 
t h e  f o u r  groups [ p , q l ,  [ p , q l + ,  [ p + , q l ,  o r  [p ,q+l  
which w i l l  be  t h e  symmetry group of t h e  f i n a l  
p a t t e r n .  Once t h e  group has been chosen, t h e  
corresponding fundamental r eg ion  i s  d i sp l ayed  on 
t h e  g raph ic s  screen.  The n a t u r a l  boundaries ( i .  e .  
l i n e s  of r e f l e c t i v e  symmetry) of t h e  fundamental  
r eg ion  a r e  drawn a s  s o l i d  l i n e s ;  t h e  o t h e r  edges 
(where t h e  i n t e r a c t i v e  "boundary procedure"  
a p p l i e s )  a r e  drawn a s  dashed l i n e s .  Copies of t h e  
fundamental  r eg ions  which a r e  ad j acen t  t o  t h e  
o r i g i n a l  fundamental  r eg ion  ac ros s  non-ref l e c t i n g  
edges a r e  o u t l i n e d  wi th  s o l i d  l i n e s  (corresponding 
t o  o t h e r  r e f l e c t i o n  l i n e s )  and d o t t e d  l i n e s  
(F igu res  2 ,  4 ,  and 5 ) .  There a r e  zero ,  t h r e e ,  two, 
and two of t h e s e  ad j acen t  copies  of t h e  fundamental  
r eg ion  corresponding t o  t h e  groups [ p , q l  , [ p , q ] + ,  
[ P + , ~ ] ,  and [p ,q+]  r e s p e c t i v e l y .  

The second s t e p  i s  t h e  c r e a t i o n  of t h e  motif 
w i t h i n  t h e  fundamental  r eg ion .  I n  t h e  ca se  of t he  
group [ p , q l ,  t h i s  i s  a  s t r a i g h t f o r w a r d  p roces s  of 
moving and drawing, us ing a  cursor  ( s i n c e  t h e  
fundamental  r eg ion  has n a t u r a l  boundar ies) .  

The second s t e p  f o r  t h e  o t h e r  groups i s  more 
i n t e r e s t i n g ,  s i n c e  it i s  p o s s i b l e  t o  draw l i n e  
segments a c r o s s  t h e  non-ref l e c t i n g  edges of t h e  
fundamental  region.  The i n t e r a c t i v e  mot i f  boundary 
p rocedure  i s  r equ i r ed  t o  do t h i s .  I t  works as  
fo l lows :  F i r s t ,  t h a t  p a r t  of t h e  segment between 
t h e  p re sen t  p o s i t i o n  and t h e  edge i s  drawn (F igu re  
9a ) .  The boundary procedure  then draws t h e  
transformed image of t h a t  p a r t i a l  segment i n  each 
of t h e  ad j acen t  copies  of t h e  fundamental  r eg ion  
( ~ i g u r e  9 b ) .  F i n a l l y  it i s  neces sa ry  t o  move t h e  
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cursor  t o  t h e  endpoint of t h e  transformed image 
(which w i l l  a l s o  be  on a  non- re f l ec t ing  edge of t h e  
fundamental  r eg ion )  and then  draw t h e  remainder of 
t h e  o r i g i n a l  l i n e  segment (Figures  9c and 9 d ) .  

I n  f a c t ,  t h e  i n t e r a c t i v e  boundary procedure  draws 
t h e  transformed images of a l l  segments, s i n c e  i t  i s  
up t o  t h e  u se r  t o  dec ide  which l i n e  segments w i l l  
even tua l ly  form t h e  motif  boundary. As mentioned 
be fo re ,  i f  t h e  motif  and i t s  transformed images 
f i l l  t h e  fundamental  r eg ion ,  then a  completely 
i n t e r l o c k i n g  p a t t e r n ,  l i k e  t hose  of M .  C .  Escher,  
w i l l  be  c r e a t e d .  

During t h e  second s t e p ,  t h e  moves, draws, and 
co lo r  changes a r e  s t o r e d  i n  t h r e e  a r r a y s :  Ac t ion ,  
which r eco rds  t h e  a c t i o n  t aken ,  and X and Y which 
r eco rd  t h e  ( t e r m i n a l )  l o c a t i o n  of t h e  a c t i o n  
( t e rmina l  l o c a t i o n  = i n i t i a l  l oca t ion  f o r  a  co lo r  
change).  

The f i n a l  s t e p ,  r e p l i c a t i o n ,  w i l l  be  desc r ibed  
i n  t h e  n e x t  s e c t i o n .  

The a r r a y s  X ,  Y ,  and Ac t ion  a r e  extended t o  r eco rd  
t h e  e n t i r e  p-gon p a t t e r n .  This  i s  done,  f o r  each 
of t h e  r e f e l e c t i o n s  o r  r o t a t i o n s ,  as  f o l l o w s :  i f  n  
a c t i o n s  were r equ i r ed  t o  c r e a t e  t h e  m o t i f ,  then 
A c t i o n [ i + n l  i s  t h e  same as  Ac t ionLi I ,  and X[i+n] 
and Y[i+n] a r e  computed by applying t h e  r e f l e c t i o n  
o r  r o t a t i o n  to  t h e  p o i n t  ( X [ i ] ,  Y [ i ] ) .  (Note  t h a t  
t h e s e  r e f l e c t i o n s  and r o t a t i o n s  a r e  o r d i n a r y  
Euclidean r e f l e c t i o n s  and r o t a t i o n s  s i n c e  they  a r e  
performed about t he  c e n t e r  of t h e  bounding c i r c l e . )  

I n  o r d e r  t o  d e s c r i b e  t h e  second s t a g e  of t h e  
r e p l i c a t i o n  p roces s ,  we d e f i n e  p-gon l a y e r s  
i n d u c t i v e l y  as  fo l low:  t h e  0-th l a y e r  c o n t a i n s  only 
t h e  c e n t r a l  p-gon; t h e  ( k + l ) - s t  l a y e r  c o n t a i n s  a l l  
t hose  p-gons not  i n  any previous  l a y e r  but which 
s h a r e  an edge o r  v e r t e x  wi th  a  p-gon from t h e  k-th 
l a y e r  ( ~ i g u r e  1 1 ) .  

5 .  THE REPLICATION ALGORITHM 

The r e p l i c a t i o n  process  occurs  i n  two s t a g e s .  
The f i r s t  s t a g e  i s  desc r ibed  as fo l lows :  For 
s i m p l i c i t y ,  t h e  lef t -most  v e r t e x  of t h e  fundamental  
r eg ion  i s  taken t o  be  t h e  c e n t e r  of t h e  bounding 
c i r c l e .  The fundamental  r eg ion  may be  succes s ive ly  
r e f l e c t e d  and/or r o t a t e d  about t h i s  v e r t e x  t o  form 
a  complete p-gon, t h e  c e n t r a l  p-gon, cen te red  
w i t h i n  t h e  bounding c i r c l e .  The corresponding 
c o l l e c t i o n  of images of t h e  motif  produced by t h e s e  
r e f l e c t i o n s  and r o t a t i o n s  i s  c a l l e d  t h e  
p a t t e r n  (F igu re  10 ) .  

F igu re  lOa. A  motif  w i t h i n  t h e  fundamental  r e g i o n  
f o r  t h e  group [6+ ,41.  
Figure  l o b .  Rep l i ca t ion  of t h e  motif  of F igu re  lOa 
t o  f i l l  t h e  c e n t r a l  p-gon, g iv ing  t h e  p-gon 
p a t t e r n .  

F igu re  11.  

The 0-th, f i r s t ,  and second l a y e r s  of 
septagons  of t h e  t e s s e l l a t i o n  { 7 , 3 } .  

The p a t t e r n  i s  extended from t h e  k-th l a y e r  t o  t h e  
( k + l ) - s t  l aye r  by r e f l e c t i n g  o r  r o t a t i n g  (depending 
on t h e  group) t h e  p-gon p a t t e r n  a c r o s s  t hose  edges 
and v e r t i c e s  common t o  both l a y e r s  (F igu re  1 2 ) .  
I n  t h e o r y ,  t h i s  s t a g e  of t h e  r e p l i c a t i o n  process  
could be  continued i n d e f i n i t e l y ,  so t h a t  t h e  
hype rbo l i c  p lane  would be  f i l l e d  wi th  a  r epea t ing  
p a t t e r n .  I n  p r a c t i c e ,  f i v e  l a y e r s  a r e  u sua l ly  
s u f f i c i e n t  to  g i v e  t h e  appearance of f i l l i n g  a  
bounding c i r c l e  l e s s  than a  meter i n  d i ame te r .  

This process  w i l l  be  desc r ibed  i n  some d e t a i l  
f o r  t h e  groups [p ,q ]  and [ p , q ] +  when p  > 3 and q > 
3 .  The o t h e r  cases  use  s i m i l a r ,  but s l i g h t l y  more 
complicated a lgor i thms.  

F i r s t ,  draw t h e  p-gon p a t t e r n  w i t h i n  t h e  
c e n t r a l  p-gon. Assuming t h e  e x i s t e n c e  of a  
procedure  DrawPgonPat t e r n  which draws a  transformed 
p-gon p a t t e r n  given a  t r ans fo rma t ion ,  t h i s  can be  
done by: 
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Then i f  nLayers r e p r e s e n t s  t h e  number of l a y e r s  t o  
be  drawn, t h e  fo l lowing a lgo r i t hm w i l l  draw t h e  
remaining l a y e r s .  Rota teCenter ,  Rota teVer tx ,  and T  
a r e  v a r i a b l e  t r ans fo rma t ions  ( r e p r e s e n t i n g  r o t a t i o n  
about t h e  c e n t e r s  and v e r t i c e s ,  of p-gons and a  
cumulative t r ans fo rma t ion ,  r e s p e c t i v e l y ) ;  RotateP, 
RotateQ, and RotateEdge a r e  cons t an t  r o t a t i o n s  by 
angles  of 2 ' f f / p ,  2lT/q, and IT about t h e  c e n t e r s ,  
v e r t i c e s ,  and cen te r s  of t h e  edges of t h e  p-gons 
r e s p e c t i v e l y .  M u l t i p l i c a t i o n  of t r ans fo rma t ions  i s  
performed l e f t  t o  r i g h t .  

RotateCenter := I d e n t i t y ;  
FOR i := 1 TO p  DO BEGIN 

T  := RotateEdge * Rota t ecen te r ;  
~ e p l i c a t e p a t t e r n d ,  nLayers - 1 ,  Edge); 
RotateCenter := RotateP * RotateCenter ;  
Ro ta t eve r t ex  := RotateQ * RotateP;  
FOR j := 1 TO q - 3 D O  BEGIN 

ReplicatePattern(R0tateVertex * I, 
nLayers - 1, v e r t e x ) ;  

Ro ta t eve r t ex  := RotateQ * Rota t eve r t ex  
END 

END 

I f  nLayers i s  1 ,  R e p l i c a t e P a t t e r n  merely c a l l s  
DrawPgonPattern once--in t h i s  ca se ,  t h e  above 
a lgor i thm would draw t h e  0-th and f i r s t  l a y e r s  of 
p-gons. F igu re  12 shows such a  p a t t e r n .  F igu re  13 
shows t h e  pa t e rn  extended t o  t h e  second l aye r .  
Noting t h e  s i m i l a r i t y  of t h e  above a lgor i thm t o  
Rep l i ca t ePa t t e rn  (below) ,  it i s  easy t o  s ee  t h a t  
Rep l i ca t ePa t t e rn  could be  modif ied  so t h a t  a  s i n g l e  
c a l l  t o  it would gene ra t e  t h e  e n t i r e  p a t t e r n .  

F igu re  12.  

This f i g u r e  shows t h e  p-gon p a t t e r n  of Figure  
l o b  r e p l i c a t e d  t o  f i l l  t h e  f i r s t  l a y e r  of hexagons 
according t o  t h e  symmetry group [6+,41. 

F igu re  13.  

The p a t t e r n  of F igu re  12 extended one more 
l a y e r .  

PROCEDURE Rep l i ca t ePa t t e rn  
( In i t i a lT rans fo rm:  t rnas fo rma t ion ;  

Layerdi f f  : i n t e g e r ;  
Adjacency: c o n n e c t i v i t y ) ;  

VAR 
Ro ta t ecen te r ,  Ro ta t eve r t ex ,  T: 

t r ans fo rma t ion ;  
i, ExposedEdges, j ,  PgonsPerVertex: 

i n t e g e r ;  
BEGIN 

DrawPgonPat t e r n ( I n i t i a 1 T r a n s f  orm) ; 
I F  Layerdi f f  > 0  THEN BEGIN 

CASE Adjacency OF 
Edge: ExposedEdges := p  - 3 ;  
Vertex: ExposedEdges := p  - 2  

END ; 
RotateCenter  := RotateP * 

RotateP * 
In i t i a lT rans fo rm;  

FOR i := 1 TO ExposedEdges DO BEGIN 
T  := RotateEdge * Rota t ecen te r ;  
Rep l i ca t ePa t t e rn (T ,  Layerdi f f  - 1, 

Edge); 
RotateCenter := RotateP * 

Rota t ecen te r ;  
I F  i < ExposedEdges THEN 

PgonsPerVertex := q - 3 
ELSE I F  i = ExposedEdges THEN 

PgonsPerVertex := q  - 4 ;  
Ro ta t eve r t ex  := RotateQ * RotateP;  
FOR j := 1 TO PgonsPerVertex DO BEGIN 

~ e ~ l i c a t e ~ a t t e r n ( ~ o t a t e ~ e r t e x  * T, 
Layerdi f f  - 1, Vertex) ; 

Rota t eve r t ex  := RotateQ * 
Rota t eve r t ex  

END 
END 

END ; 

See t h e  Appendix f o r  a  d e s c r i p t i o n  of 
DrawPgonPattern and t h e  t r ans fo rma t ions  Rota teP,  
RotateQ, and RotateEdge. 
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6. RESULTS 

This program can produce repea t ing  hyperbol ic  
p a t t e r n s  i n  color  wi th  any of the  four  symmetry 
groups described i n  Sect ion 2. The motif boundary 
procedure allows f o r  t h e  c r e a t i o n  of completely 
in te r lock ing  p a t t e r n s .  Figures 3 and 14, with 
symmetry groups [6,4] and [4,5] r e spec t ive ly ,  a r e  
samples of p a t t e r n s  with  symmetry groups of t h e  
form [pYq] .  The p a t t e r n  of  Figure 1 5  has symmetry 
group [5,4]+. To o u r  knowledge, t h i s  i s  t h e  f i r s t  
p a t t e r n  more complicated than t h e  half-shaded, 

half-blank pa t t e rns  mentioned i n  Sect ion 3 (e.  g. 
Figure  6) which has been c rea ted  with o r  without 
computer a i d  and which has symmetry group of t h e  
form [p,q]+.  Figure  13 shows a p a t t e r n  with 
symmetry group [6+,4]. Again, to  our  knowledge, no 
o t h e r  p a t t e r n  has  been c rea ted  having a symmetry 
group of t h e  form [p+,q] . Figure  16 shows a 
dup l ica t ion  ( ignoring shading) of M. C. Escher's 
"Circle  Limit 11" (Figure  7) and Figure  17 shows 
and o u t l i n e  of h i s  "Circle  Limit I V "  (Figure  81, 
both having symmetry groups of t h e  form [p,q+l .  

Figure  14. A p a t t e r n  wi th  symmetry group [4,51. 
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Figure  15.  A  p a t t e r n  wi th  symmetry group [5 ,4 ]+ .  

7 .  EXTENSIONS 

F i r s t ,  t h e  program could b e  extended t o  
i nc lude  more complicated symmetry groups,  such as  
t h e  symmetry groups of M. C .  Escher's o t h e r  
hype rbo l i c  p a t t e r n s ,  "C i r c l e  Limit  I"  and "C i rc l e  
Limit  111". Next, t h e  program c o u l d a l l o w f o r  
co lo r  symmetry, i. e .  t h e  c o l o r s  would be  permuted 
by succes s ive  t r ans fo rma t ions  of t h e  m o t i f .  
Escher's "C i r c l e  Limit 11" and "C i rc l e  Limit  111" 
a r e  examples of such co lo r  symmetry. 

Another n a t u r a l  ex t ens ion  would be  t o  a l l ow 
f o r  t h e  cons t ruc t ion  of m o t i f s  out  of shaded 
po lygons--the f i n a l  p a t t e r n  being d i s p a l y  ed on an 
a rea -o r i en t ed  output  dev ice  such as  a  r a s t e r  CRT. 
The motif  boundary procedure  could e a s i l y  be  
modif ied  t o  handle  polygons.  

Many of t h e  techniques  used i n  c r e a t i n g  
hype rbo l i c  p a t t e r n s  could a l s o  b e  used t o  c r e a t e  
r e p e a t i n g  p a t t e r n s  of t h e  Euclidean p l ane  o r  t h e  
sphere .  

F igu re  16.  

8 .  SUMMARY 

This program can c r e a t e  p l eas ing  r epea t ing  
p a t t e r n s  of t h e  hype rbo l i c  p l ane  i n  a  few minutes ,  
a  process  t h a t  would r e q u i r e  months t o  complete to  
t h e  same p r e c i s i o n  wi thout  computer a i d .  Only t h e  
Dutch a r t i s t  M. C.Escher had t h e  pa t i ence  t o  c r e a t e  
such p a t t e r n s  by hand. The process  of c r e a t i n g  
t h e s e  p a t t e r n s  b r ings  t oge the r  t h e  d i s c i p l i n e s  of 
computer s c i ence ,  a r t ,  and mathematics.  Th i s  i s  a  
u s e f u l  educa t iona l  t o o l  f o r  t h e  i l l u s t r a t i o n  of 
concepts i n  t r ans fo rma t ion  group theo ry  and 
hype rbo l i c  geometry. 

The computer program which genera ted  these  
f i g u r e s  i s  w r i t t e n  i n  FORTRAN, us ing Tek t ron ic s  and 
Zeta suppor t ing  so f tware .  

F igu re  17 

A  d u p l i c a t i o n  of t h e  p a t t e r n  of M.  C .  Escher's 
C i r c l e  Limit  I V  (F igu re  8 ) ,  having symmetry group - - -  
[ 6 , 4 + l .  

APPENDIX 

The t r ans fo rma t ions  used i n  o u r  program a r e  
r ep re sen ted  by 3-by-3 r e a l  ma t r i ce s .  For i n s t a n c e ,  
r e f l e c t i o n s  ac ros s  t h e  s i d e s  of t h e  t r i a n g u l a r  
fundamental  r eg ion  f o r  t h e  group [ p , q ]  can be  
r ep re sen ted  by: 

Ref 1ectEdgeBisector := k; 3 

A d u p l i c a t i o n  of t h e  p a t t e r n  of M .  C .  EscherPs  where cosh(b)  = cos (Wq)  / S ~ ~ ( T T / P )  
C i r c l e  Limit  I1 ( ~ i g u r e  7 ) ,  having symmetry group - - -  cosh(2b) = 2  * cosh(b)**2 - 1  

[8 ,3+1.  s inh (2b )  = sqr t (cosh(2b)**2 -1) 
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The t r ans fo rma t ions  RotateP, RotateQ, and 
RotateEdge a r e  given by: 

Rota teP := Ref 1ectEdgeBisector * 
Ref 1ectHypotenuse 

RotateQ := Ref 1ectHypotenuse * 
Ref 1ectPgonEdge 

RotateEdge := Ref lectPgonEdge * 
Ref 1ectEdgeBisector 

The DrawPgonPat t e r n  a lgo r i t hm can be  desc r ibed  as  
f  0 1 lows : 

PROCEDURE DrawPgonPat t e rn (T :  t r ans fo rma t ion )  ; 

VAR 
SumSquare, Tx, Ty: r e a l ;  
Z: ARRAY[1..31 OF r e a l ;  

BEGIN 
FOR i := 1 TO nPgonActions DO BEGIN 

Sumsquare := x [ i ] * X [ i ]  + Y [ i l * y [ i ] ;  
Z [ l l  := 2 * X[ i l  / ( 1  - SumSquare); 
z [ 2 ]  := 2 * Y [ i l  / (1 - SumSquare); 
z [ 3 ]  := (1 + surnsquare) / ( l  - SumSquare); 
z := T * 2 ;  
TX := z [ l ] / ( l  + ~ [ 3 1 ) ;  
Ty := ~ [ 2 l / ( l  + ~ [ 3 1 ) ;  
CASE ~ c t i o n [ i l  OF 

Move: ~ o v e T o d x ,  ~ y )  ; 
Draw: ~ i n e T o ( T x ,  TY) ; 
Black:  Color := 'Black'; 
Blue: Color := 'Blue'; 
Red: Color := 'Red'; 
Yellow: Color := 'Yellow' 

END 
END 

END ; 
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