;a Journal of Algebraic Combinatorics 16 (2002), 4369
‘ (© 2002 Kluwer Academic Publishers. Manufactured in The Netherlands.

Transitive Permutation Groups
of Prime-Squared Degree

EDWARD DOBSON dobson @math.msstate.edu
Department of Mathematics and Statistics, Mississippi State University, Mississippi State, MS 39762, USA

DAVE WITTE dwitte@math.okstate.edu
Department of Mathematics, Oklahoma State University, Stillwater, OK 74078, USA

Received November 7, 2000; Revised November 29, 2001

Abstract. We explicitly determine all of the transitive groups of degree p?, p a prime, whose Sylow p-subgroup
is not isomorphic to the wreath product Z , : Z,. Furthermore, we provide a general description of the transitive
groups of degree p? whose Sylow p-subgroup is isomorphic to Z p 1 Lp, and explicitly determine most of them.
As applications, we solve the Cayley Isomorphism problem for Cayley objects of an abelian group of order p?,
explicitly determine the full automorphism group of Cayley graphs of abelian groups of order p?, and find all
nonnormal Cayley graphs of order pZ.
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1. Introduction

In 1901, Bumnside [5] proved the following theorem.

Theorem 1 (Burnside, [S]) Let G be a transitive group of prime degree. Then either G is
doubly transitive or G contains a normal Sylow p-subgroup.

If G is a transitive group of prime degree and has a normal Sylow p-subgroup, then it is not
difficult to show that G is permutation isomorphic to a subgroup of AGL(1, p). Similarly,
it is also straightforward to show that if G is a transitive group of prime degree, then G has
anormal Sylow p-subgroup if and only if G is solvable.

A well-known consequence of the classification of the finite simple groups is that all
doubly transitive groups are known [8, Theorem 5.3], and hence all doubly transitive groups
of prime degree are known.

Combining these results yields the following well-known classification of all transitive
groups of prime degree.

Definition 1 We use the following standard notation.

e S, and A, respectively, denote a symmetric group and an alternating group of degree p,
e AGL(, p) = Zi x GL(d, p) denotes the group of affine transformations of the d-
dimensional vector space ]Ff, over[F,,
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e M;i; and M»3 denote Mathieu groups,

e PSL(d, g) and PGL(d, g), respectively, denote a projective special linear group and a
projective general linear group over the field Iy of g elements, and

e PI'L(d, q) denotes the semidirect product of PGL(d, q) with the group of Galois auto-
morphisms of IF,,.

Theorem 2 ([12, Corollary 4.2]) Suppose H is a subgroup of S,, that contains Zp. Let S
be a minimal normal subgroup of H, and let N = N, (S), 50 S is simpleand S < H < N.
Then N/S is cyclic, and either:

S=27Z,, N=AGL(l, p), and N/S = Z,_y; or

S=A, N=S,, and N/S = Zy; or

p=1land S = H =N =PSL(2, 11); or

p=11land S = H = N = My;; or

p=23and S = H =N = My; or

p= " — 1)/(r?" — 1) for some prime r and natural numbers d and m, and we have
S =PSL(d, r*"), N =PI'L{d, r?"), and N/S = Z,.

AR

In this paper, we will begin the classification of all transitive groups of degree p?. Our
starting point is Theorem 3 below (proved at the end of Section 3), which provides an
analogue of Burnside’s Theorem 1. This allows us to determine all of the transitive permu-
tation groups of degree p? that do not have Sylow p-subgroup isomorphic to the wreath
product Z, 2 Z,, (see Theorem 4; the proof appears at the end of Section 4). Furthermore,
Proposition 1 below describes how to construct every imprimitive permutation group of
degree p? whose Sylow p-subgroup is isomorphic to Zj, ? Z,. (This proposition is proved
at the beginning of Section 5.) Unfortunately, this proposition does not provide a com-
plete classification of these permutation groups, because, in some cases, we do not have an
explicit description of the possible choices for K and ¢ in the conclusion of the proposi-
tion. However, Theorem 2 describes the possible choices for H and L, and, in most cases,
Section 5.1 describes the possible choices for K, and Section 5.2 describes the possible
choices for ¢. This leads to a complete classification for most primes p; specifically, the
classification is complete for any prime p, suchthat p ¢ {11, 23}and p # (g% —1)/(g—1),
for every prime-power g and natural number 4. The problems that remain are described in
aremark at the end of Section 5.

Definition 2 (cf. Definition 5) Let PI’,_1 denote the unique subgroup of §,2 (up to conju-
gacy) having order p” and containing a transitive subgroup isomorphic to Z, x Z, (and
therefore not containing a transitive cyclic subgroup; see Lemma 4).

Theorem 3 Let G be a transitive permutation group of degree p*, p a prime, with Sylow
p-subgroup P. Then either

1. G is doubly transitive; or

2. PaG;or

3. P is equivalent to either Z, X Z, PI’,_I, or Ly Zp.



TRANSITIVE PERMUTATION GROUPS OF PRIME-SQUARED DEGREE 45

Theorem 4 Let G be a transitive group of degree p* such that a Sylow p-subgroup P of
G is not isomorphic to Z,1 Zp. Then, after replacing G by a conjugate, one of the following
is true.
1. G is doubly transitive, and either
e G=AporSy;or
e PSL(d, q) < G <PT'L(d, q), where (¢" — 1)/(qg — 1) = p*; or
o Z, xZy, < G < AGL(Z, p).
2. G is simply primitive, has an elementary abelian Sylow p-subgroup and either
o Zp, x Zp < G < AGL(2, p); or
o G has a transitive, imprimitive subgroup H of index 2, such that H < §, x S, (so
H is described in Lemma 1),
3. G is imprimitive, P % Z, X Zp, P ¥ P;_l, and P«aG,s0 P <G < NSPZ(P) (and
Nsp2 (P) is described in Lemma 5 or 6);
4. G is imprimitive, P =L, x Zp and G < S, x 8, (so G is described in Lemma 1); or
5. G is imprimitive, P = P;/:—l’ and G = LP, where Z, x Z, < L < §, x AGL(1, p)
(so L is described in Lemma 1).

Definition 3 ([9, p. 168]) Let H be a group and let A be an H-module. (That is, A is
an abelian group on which H acts by automorphisms. Also note that abelian groups, when
viewed as modules, are written additively.) A function ¢: H — A is a crossed homomor-
phism if, for every hy, hy € H, we have

P(hihs) = hy' - ¢(hy) + (ho).

(This is equivalent to the assertion that the function H — H x A defined by A — (h, ¢(h))
is a homomorphism.)

Proposition 1 Let
1. p be a prime;
2. H and L be transitive subgroups of S,, such that L is simple;
3. K be an H-invariant subgroup of the direct product (N5, (L))? containing LP;
4. ¢: H — N;s,(L)’/K be a crossed homomorphism; and
5. GurLke=1{(h,v)e Hx N5 (L) : ¢(h) = vK} < S, 5.
Then Gy, k¢ is a transitive, imprimitive subgroup of Sy, such that a Sylow p-subgroup
of G is isomorphic to Z, 2 Z,.
Conversely, if G is a transitive, imprimitive permutation group of degree p?, such that
a Sylow p-subgroup of G is isomorphic to Zp 2 Z,, then G is equivalent to Gy 1, k., for
some H, L, K, and ¢ as above.

To some extent, our proofs follow the outline that was used to determine all transitive
groups of prime degree.

In Section 2, we recall known results that provide a classification of certain types of
transitive permutation groups of degree p?, namely, doubly transitive groups, groups with
elementary abelian Sylow p-subgroup, and simply primitive groups. (Recall that a permu-
tation group is simply primitive if it is primitive, but not doubly transitive.)
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In Section 3, we extend Theorem 1 to transitive groups of degree p2. It follows by [33,
Theorem 3.4'] that every transitive group of prime power degree contains a transitive Sy-
low p-subgroup; in particular, every transitive group of degree p? contains a transitive
Sylow p-subgroup. We first show that there are exactly 2p — 1 transitive p-subgroups
of Sp2 up to permutation isomorphism and explicitly determine them (see Theorem 9).
We also calculate the normalizer of each of these p-subgroups (see Lemmas 5 and 6).
Next, we prove Theorem 3, which extends Burnside’s Theorem 1 to transitive groups of
degree p?; that is, it determines which of these 2p — 1 p-subgroups P have the prop-
erty that if G <S,> with Sylow p-subgroup P, then either P <G or G is doubly tran-
sitive. Happily, only three of the 2p — 1 transitive p-subgroups of S, fail to have this
property.

We are left with the problem of finding every imprimitive or simply primitive sub-
group of S, whose Sylow p-subgroup is one of the three transitive p-subgroups of S
for which the extension of Burnside’s Theorem mentioned above does not hold. Two of
these p-subgroups are Zf, and the group P, , (see Definition 2 or 5), which can, in a
natural way, be regarded as the “dual” of Z’f;. These two p-subgroups are considered
in Section 4, and the remaining p-subgroup, Z, ¢ Z,, is considered in Section 5. How-
ever, as explained in the comments before Definition 2, our results on Z, ? Z, are not
complete.

In Section 6, we prove some straightforward applications of the above results that are of
interest to combinatorialists.

‘We remark that some of the intermediate results (as well as some of the applications) in
this paper are known, and will give appropriate references as needed.

2. Some known results
2.1. Doubly transitive groups

The doubly transitive groups of degree p? can be determined much as in the case of degree p.
Burnside [6, p. 202] proved the following result.

Theorem 5 (Burnside, [6]) The socle of a finite doubly transitive group is either a regular
elementary abelian p-group, or a nonregular nonabelian simple group.

If G is doubly transitive of degree p?, then it is not difficult to show that the socle of G
is abelian if and only if G < AGL(2, p). (Note that an elementary abelian group of order
p? is isomorphic to Zf,. Also, we remark that the doubly transitive subgroups of AGL(d, p)
have been determined [16, 20], cf. [8, proof of Theorem 5.3]).

The doubly transitive groups with nonabelian socle are listed in [8, Table on p. 8]. (This
result relies on the classification of finite simple groups.) By inspection of this list, we see
that the only such doubly transitive groups of degree p? are as follows.

Theorem 6 Let G be a doubly transitive group of degree p* with nonabelian socle. Then
either G = Apz, or G = Sz, or PSL(4, q) < G < PI'L(d, q).
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2.2. Imprimitive groups with elementary abelian Sylow p-subgroup

In [22, Proposition B], Jones determined the imprimitive permutation groups of degree p?
whose Sylow p-subgroup is elementary abelian of order p2.

Theorem 7 (Jones, [22]) Let G be an imprimitive permutation group of degree p*, where
p is prime, such that a Sylow p-subgroup of H is elementary abelian of order p*. Then
G <5, x5,

The following simple lemma expresses the conclusion of Theorem 7 more concretely.

Lemmal Let G be a transitive subgroup of Sy». The following are equivalent:

L. G =5, x8

2. There are transitive subgroups H and K of Sy, such that H x K < G < Ng,(H) x
Ns,(K).

3. Thereare transitive subgroups H and K of S, and a homomorphism f: H — N, (K)/K,
suchthat G = {(o, 7)€ H x N5, (K): f(o) = 1K}

Proof: (1=2)LetH = GN(S, x Dand K = GN (1 x Sp), so H,K«G. Then
G < Ng,xs,(H x K) = Ng,(H) x Ng,(K).

(1= 3)Let H be the image of G under the projection to the first factor, and let K = G N
(1xSp). Then G < H x N, (K). By definition of K, we have (G/K) N [1 X (Ns,(K)/K)] =
1, so G/K is the graph of a well-defined homomorphism f: H — N, (K)/K. The desired
conclusion follows.

(2 = 1)and (3 = 1) are obvious. [ |

2.3.  Simply primitive groups

The simply primitive groups of degree p? are given by the following theorem of Wielandt
[34, Theorems 8.5 and 16.2]. (Recall that any subgroup H as in part (2) of this result is
described in Lemma 1.)

Theorem 8 (Wielandt, [34]) Let G be a simply primitive permutation group of degree p?,

where p is prime. Then the Sylow p-subgroups of G are elementary abelian of order p?,

and either

1. G has a unique elementary abelian Sylow p-subgroup, or

2. G has an imprimitive subgroup H of index 2 (and, from Theorem 7, we have H <
Sp X Sp).

3. The extension of Burnside’s Theorem

In view of the results in Section 2, this section is mainly concerned with imprimitive groups
G of degree p* whose Sylow p-subgroups P are not elementary abelian. We begin in a
slightly more general context.
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Let G be a transitive permutation group of degree mp acting on Z,, x Z, that admits a
complete block system B of m blocks of cardinality p. We may suppose without loss of
generality that G acts on Z,, x Z, such that B = {{i} x Z, : i€Z,}. If g@« G, then g
permutes the m blocks of B and hence induces a permutation in S,, denoted g /5. We define
G/B = {g/B:geG} Letfixaq(B) = {g « G : g(B) = B for every B @ B}. Assume that
fixg(B) # 1 so that a Sylow p-subgroup P, of fix;(83) is nontrivial. Then Py is contained in
(zi 1 i € Zy,), where each z; is a p-cycle that permutes the elements of {i} x Z,. For 1 & Py,
we then have thath = ]_[;”;01 Z{',a; € Zp.Define v: Py — Znbyv(h) = (ag, @, . - -, Gpn-1)-

Lemma 2 The set {v(h) : h & Py} is a linear code of length m over IF,.

Proof: As a linear code of length m over F,, is simply an m-dimensional vector space
over IF,,, we need only show that {v(h) : h € Py} is a vector space. Note that for g, h € Py
and r € Z,, we have

m—1 r m—1
ro__ a; —_ ra;
g = i} = Z;
i=0 i=0

and

m

m—1 -1 m—1
; b i+by
ool Tl =Tl
i=0 0 =0

i= i
Hence v(g") = rv(g) and v(gh) = v(g) + v(h), so {v(h) : h € Py} is a linear code. [ ]

Definition 4 The code of Lemma 2 will be denoted by Cp, and will be called the code
induced by B. If G admits a unique block system B of m blocks of cardinality p, we say
Cg is the code over I, induced by G. We remark that Cg depends upon the choice of the
Sylow p-subgroup Py, but that different choices of Py give monomially equivalent (that is,
isomorphic) codes.

Remark Lemma 2 was proven in a less general context in [17].

Lemma 3 If there exists x € G such that x(i, j) = (i + 1, aj + b)), bi€Zp, a e]F;,
then {v(h) : h @ Po} is a cyclic code of length m over F,,. Conversely, if C is a cyclic code
m—1 a;

of length m over F, then there exists a group G as above such that Py = {[ [/ z;
(a07 ala ey am—l) G C}'

Proof: From the form of x, we know that x normalizes (z; : i @ Z,,). Also, because x & G,
we know that x normalizes fixs (8). Thus, x normalizes (z; : i @ Z,,) N fixg(B) = Py.

For h =[]z & Py we have x 'hx =[] z; "', so, because x normalizes Py, we see that
the linear code {v(h) : h € Py} is cyclic.

Conversely, define x: Z,, x Z, — Zy x Z, by x(i, j) = (@ + 1, j). Then it is also
straightforward to check that G = {x'g : i € Z,,, g € C} will do. O
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In the following we consider the case m = p, where Z, x Z,, is identified with Z > via
(a,b)— a+bp.

Definition5 Leta;; = (j. )(—1)I7J. A straightforward calculation will show thata; ;| =
Giy1,j +a; ;. Forl <i < D, let

Ap—i,0 _GAp—i,1 Qp—i,p—1

Yi=2y "z 2,0
Define t: Z,2 — Zp2 by
(i) =i + 1 (mod p?)
and py, po: 25 — 72 by
P, =37+ and p(, )=+ 1))
Using the above identification of Z, x Z, with Z >, we have, for example,

a+bp ifa##i
Zl(a+bp):{ 2 . .
a+®B+ Dp(mod p7) fa=i,

P = Hf:ll z; and pa(a + bp) = (a + 1) (mod p) + bp. Hence T = z,_ 1 02. Let
P;=(t,y;) and P/={p1, p2 ¥),

for 1 <i < p. We remark that P, = P, = Z, 1 Z,,. There are thus 2p — 1 distinct groups
P, P,1<i<p.

Theorem 9 Let G be a transitive group of degree p* with Sylow p-subgroup P. Let
|P| = pitl,i>1

e IfteP,then P =P,

o If{p1, p2) < P, then P = o~' Pt for some o @ Au(Z3).

Proof: By [27],if C is acyclic code of length p over I, then C has generator polynomial
f(x), where f(x)divides x? —1in Z[x]. By the Freshman’s Dream [21], xP —1 = (x —1)?
sothat f(x) = (x — 1) forsome 0 <i < p — 1. As C is generated by the cyclic shifts of
the vector (a; 0, ai,1, - - -, @i, p—1) Where (x — 1) = le=o a; jx), wehavea; j = (j. W—1)/.
Finally, we remark that the dimension of the code C is p — i.

Let G be a transitive group of degree p? such that T @ G. Let P be the Sylow p-subgroup
of G that contains 7. Then P admits a complete block system B of p blocks of cardinality
p formed by the orbits of (z?). Then |fixgB| = p' and C = {v(g) : g @ fixg(B)} is a cyclic
code of length p over IF, by Lemma 3, so that C contains p’ codewords and is thus of
dimension i. We conclude that P = (z, Hfz_ol z' (ag, ai, ..., ap_1)@C) = (1, ¥).

If {pi, p2) < P, then again P admits a complete block system B formed by the or-
bits of (&), where (§) = (p;) or (pipz), 0 < i < p — 1. Hence there exists a group
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automorph1sm o of Z2 such that 1o = p,. It then follows by arguments above that
P =a"Yp1, o2, Vi) i

Remark Every transitive group G of degree p? contains a subgroup isomorphic to either
(T) or {01, p2), asevery Sylow p-subgroup of G is transitive and contains anontrivial center.
Hence the above result determines all transitive p-subgroups of S, up to isomorphism.

Remark Theorem 9 was already proven in [19] for the case where P contains a regular
subgroup isomorphic to ().

Lemma 4 Let P be a transitive p-subgroup of Sy:. Then P admits a complete block
system B of p blocks of cardinality p.
Furthermore, the following are equivalent:
1. P does not contain regular copies of both Z,: and Zf,.
2. PEZLy 1 L.
3. Letting C be the code induced by B, we have Zf:ol a; =0 (mod p), for every
(o, a1, ...,ap-1) €C.

Proof: (1= 2)If P = 7Z,1Zp, then P is a Sylow p-subgroup of S, so it is clear that
P contains both a regular subgroup isomorphic to Z,> and a regular subgroup isomorphic
to 7.

(2 = 1) Assume P contains regular copies of both Z,: and Zf,. Without loss of generality
assume that 7 @ P. As P contains anontrivial center, t? & Z(P), sothat P admits acomplete
block system B of p blocks of cardinality p formed by the orbits of (t?). As P contains
a regular subgroup isomorphic to Zi, there exists 7, 7, € P such that (], 1p) = Zf,. As
|P/B| = p, we assume without loss of generality that 7,/B = 1 so that |[71/B| = p. As
Tl = p, rl_lrprl = 7P and |t?| = p, we may assume that 7, = t°. Weregard Z > as Z
Hencet(i, j) = (i+1, 8;(j)) where §;(j) = j,0 < < p—2andé,_1(j) = j+1L Further
u(, j)=(G+r, j+b;i),r,b€Z, As ltl=p, >0, b = 0 (mod p). Weassumew1thout
loss of generality thatr = 1. Then 1@, j) = (i, j +c;) where Z _0 ¢; = —1 (mod p).
Then fixp(B) = (r, Tt/ 1< j<p-—1), forsomel<z<p fl<k<p-—1land
wePk with ¥ (i, j) = (i, j + d;), we have that > _/_; d = 0 (mod p). Hence i = p and
(t,77'1) = Z, 1 Z, as required.

(B=2 Obv1ous

2 =3)If P & Z, 1 Zp, then, from the proof of Theorem 9, we see that the generating
polynomial of C is divisible by x — 1. The desired conclusion follows. O

We now calculate the normalizers of P, and P/, i < p. (We remark that the normalizer
of each P; was calculated in [19].)

Definition 6 For § &3, define B, B: Z3 — Z2 by

BG, j) = (Bi, j) and BG, J) =G, B)).
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For B € Z?, define B:Z,: — Z,. by
BG) = Bi.

Remark Of course, Ng 2 (P;) admits a (unique) complete block system B of p blocks of
cardinality p formed by the orbits of (t?). It is straightforward to show that ﬁst @y (B)
isa p-group of order p', 1 <i < p—1.

Lemma 5 ([19]) We have

Py x (B Bely, |Blell,p—1)) fl<i<p-1
Py x{B,B:BelF;} ifi=p.

Proof: It is well known that

Ns,(P) = {

NS,,z(Pl) = NS,,z(<T>) ={x—ax+b:a EZZZ’ beZpy}
and it essentially follows by arguments in [1] and was explicitly shown in [19] that
Ns.(Pp) =P, (B, B: BeF,},

SO we may assume 2 <i < p — 1.

We first show that |Ns ,(P)| = (p — Dpite,

Let X = {(x) : (x) is a regular cyclic subgroup of S,:} and let §,> act on X by conju-
gation. Denote the resulting transitive permutation group on X by A. Note that there are
P2 (p—Dp* =[Sy : Ny, (()] elements of X. As (z?) < Z(P;) and is the unique
subgroup of Z(P;) of order p, Ns, (P;) admits a complete block system B of p blocks of
cardinality p, formed by the orbits of (t7). Observe that if (x) € X and (x) < P;, then we
may assume that x = Ty, y € fixp (B). Then |fixp(B)| = p', and by Lemma 4 ty is a
p?-cycle for every y € fixp,(BB) as every minimal transitive subgroup of P; is isomorphic to
Z 2. Furthermore, there are exactly p elements of (ty) contained in fix p, (1B). We conclude
that P; contains p'/p = p'~! elements of X. Let B = {(ty) : y € fixp (B)}. We first will
show that B is a block of A.

Let 8 € Sy2 such that §7'B§ N B # . Then there exists x = Ty, y € fixp,(B) such
that 5~1(x)8 < P,. Then §~!(x)§/B = (x)/B and hence 6~!(y)§/B = (z)/B for every
(y) @ B. Then (6~! B8) satisfies the hypothesis of Lemma 3 (as 71 (x)§ < P;) so the code
corresponding to (8! B8) is the code corresponding to (B) which implies (5~ B8) = (B) so
that 5~! B8 = B as required. Hence the number of subgroups conjugate in S p2 10 P, = (B)
is the number of blocks conjugate to B in A. As there are (p?!/p3(p — 1))/ p'~! such blocks,
INs,(P)| = (p — 1)p'*? as required.

If is straightforward to check using the recursion formula given in Definition 5 that
Yi+1 € Nsp_(P) Note that the result is clearly true fori = 1 as (t, y») < Ng 2(( 7)). Hence
NS () < Ns, ,({T, v3)) as (1, y») is the unique Sylow p-subgroup "of NS ,{T)).
Contmumg mductlvely, we have that Ng 2(( }) < Ng 2((1’ ;) and as |{Ng 2(( 7)), y,)| =
(p — 1)p'*?, the result follows. [}
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Lemma 6 We have

AGL(2, p) ifi=1
Ns,(P))={ Py {B.B:BeFy} if2<i<p-—1
P x{B.B:BeFs} ifi=p.

Proof: Thecasei = 1is well known, and the case i = p appears in Lemma 5, so we may
assume 2 <i < p—1.

Because i > 2, we know that (1) = Z(P/) is characteristic in P/, so that (1) « Ns, 7).
Hence if § € Nspz(Pi’), then 8(i, j) = (o (), ¥j + bi), 0 € Sp, ¥ € ¥}, b; € Z,. Furthermore,
o(i) = pi+b, B €y, b € Z,.1tis straightforward to check that 8, 7 € N5 ,(P)), s0 we may
assume B = y = 1. As 1; € P/, we may assume without loss of generality that b = 0. As
Vi V2yeees Vi € Pi’, we may assume, for0 < k& < i—1,thatb; = 0.Itis then straightforward
to show that 8 € (y;..1).

Definition 7 A code C of length m over I, is said to be degenerate if there exists
k|m, k#m, and a code D of length k over IF, such that C = EBZ"z/lk D. That is, a code
C={{d,d2,....dms) | di,...,dms € D}. If C is not degenerate, we say that it is non-
degenerate.

Lemma 7 Let G < Sp: admit a complete block system B of p blocks of cardinality p. If
fixg(B) contains at least two Sylow p-subgroups and Cg is nondegenerate, then a Sylow
p-subgroup of G is isomorphic to Z, X Z,.

Proof: We assume that (t) < G or {01, 02} < G. Let P be a Sylow p-subgroup of G
that contains (t) or {01, 02). Observe that P cannot contain both (t) and (0, p»), for then
Lemma 4 would imply P = Z, 1 Z,, in which case Cg is degenerate. If fixg(B) contains at
least two Sylow p-subgroups, then fixg(B)|p contains at least two Sylow p-subgroups for
every B & B and hence, by the comments following Theorem 1, is nonsolvable. By Theorem
1 fixg(B)|p is doubly transitive for every B € B.

Suppose, for the moment, that fixp(B) is faithful on some block of B. Then a Sylow
p-subgroup of G has order p2. If P = {p;, p3), we are finished, so we assume that P =
{(r) and hence fixp(B) = (r?). Clearly (z”)|p is a Sylow p-subgroup of fixs(3)|p, and
if Nexo3),({t?)|g) = (t%)|g, then by Bumnside’s Transfer Theorem [14, Theorem 4.3,
p- 252], (z?)|p has a normal p-complement in fixg(B)|p. Whence fixg(B)|p admits a
complete block system of p blocks of cardinality m, where m 1, a contradiction. Thus
Nixo 31, ({T?)1B) # (t?)]p, so there exists § € fixg(B) — (r?) such that §71lrrs = 19,
a # 1. By the remark preceding Lemma 5, § ¢ Ns , (7)), so that 8718t~ € fixg(B), but
8718t~ ¢ (z?). A straightforward computation will then show that 5~'787 ! centralizes
(z?). As 7118171 € fixg(B), 8 't8t!| centralizes (t?)|g, and of course, (t?)|p is
regular and abelian. As a regular abelian group is self-centralizing [33, Proposition 4.4], we
conclude that 6787 ~!|p @ (r?)|3. Whence §~ 787! has order p and (2,87 1z8171) <
fixs(B) and has order p?, a contradiction.
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Henceforth, we assume that fix p(B) is not faithful on any block of B, so the Sylow p-
subgroups of fixg(13) have order at least p?. Let ¥ € fixg(B) such that y|z # 1 for the
fewest number of blocks Be B, and let C = {Be&B : y|g # 1}. If UC is a block of G,
then Cp is degenerate and we are finished. Otherwise, define 7: fixg(B) — Suni-c) by
m(g) = glus—c)- Then y e Ker(m). As Ker(m) « fixg(B) and fixg(B)|p is primitive for
every B € B, Ker()|p is transitive for every B € C. Hence we may assume |y| = p. As
any two Sylow p-subgroups of fix; (B) are conjugate and one Sylow p-subgroup of fixs (B)
is contained in (z; : i € Z,), we assume without loss of generality that y € (z; : i € Z)).
Finally, observe that as y € fixg(B) such that y|g # 1 for the fewest number of blocks of
B, (y) is a Sylow p-subgroup of Ker(7r). As Ker() « fixg(B), Ker(;r)| g contains at least
2 Sylow p-subgroups. It then follows by Burnside’s Transfer Theorem that Ngerr)({y)) #
().

Let y = 2920 ...z%". Let 8 € Ngerpmy((¥)) such that 3 & (). Then 8~'y8 = 7,

Zail ..zfra"’, for some ch;. As UC is not a block of G, there exists ¢ € G such that
UGN (UC) # @ and ™ (UC) # UC. Let 'yt = z;fl z;f ...z;f’,for some ji, jo, ...,
Jjr @Zp: and ¢, € 7. Then 8 L 1y8(: 1y 1)~ |p # 1 for fewer blocks of B than y, a
contradiction. O

Definition 8 For a code C of length n over a field I, of prime order p, let Aut(C) be the
group of all linear bijections of K" which map each codeword of C to a codeword of C of
the same weight. Thus Aut(C) is the subgroup of M,(IF,) that map each codeword of C to
a codeword of C, where M, (I ) is the set of all n X » monomial matrices over IF,. That is,
matrices with exactly one nonzero entry from I, in each row and column.,

Let [m;;] = M « M,(F,). Then M = PD, where P = [p;;] is the permutation matrix
given by p;; = 1 if m;; # O and p;; = O otherwise and D = [d;;] is a diagonal matrix
with d;; = m;; if m;; # 0 and d;; = 0if i # j. As the group of all permutation matrices is
simply the symmetric group on the coordinates of a vector in F,, there is thus a canonical
isomorphism between M, (F,) and S, x (F7)", with multiplication in S, x (F7)" given by
(o,a)(z,b) = (o1, (0" 1b)a)and S, x (IE‘;)” acts on FZ by (0, d)(x) = o(xd). We will abuse
notation and write that (o, d) = M € M,,(F,). If (5, d) € Aut(C), then (o, d) is diagonal if
and only if o = 1. Finally, we let PAut(C) = {0 : (o, d) € Aut(C)}.

Theorem 10 ([26], Theorem 1.3) If C is a nontrivial code such that PAut(C) is primitive,
then C is nondegenerate and every diagonal automorphism of C is scalar.

Definition 9 A code C of length p over I, is affine invariant if AGL(1, p) < PAut(C).

Let P < S, be a transitive p-group. Then P admits a complete block system B of p
blocks of cardinality p, formed by the orbits of a semiregular element of order p contained
in the center of P. By Theorem 9, we may assume that P = P; or P/. Note thatif G < S,
admits 3 as a complete block system with Sylow p-subgroup P, then conjugation by an
element of G induces an automorphism of Cg. It then follows by Lemmas 5 and 6 that Cg
is affine invariant.
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Let B&«Band L = {g€G : g(B) = B}. Then L has a unique Sylow p-subgroup
P, namely the Sylow p-subgroup of fixg(B), so that P < L. By the Schur-Zassenhaus
Theorem [14, Theorem 2.1, p. 221] L contains a p’-subgroup M which is a complement
to PinL.Let P’ = (z; : i€Z,) and W = G - P’. Note that |W| = p - |G|, and let
K = {w & W : w(B) = B}. Then P’ « K and is the Sylow p-subgroup of K. Again by the
Schur-Zassenhaus Theorem, as P’ is solvable, any two p’-subgroups of K are conjugate
in W. As M is a p’-subgroup of L, M is a p’-subgroup of K. Recall that if g @ G, then
gl, j)=(o(),aj+b),0€S8,, x EF;, and b; € Z,,. For g € G, define §: SZ;J — SZf, by
80, j) = (o(i), ®j), and let M= {2 : g € M}. Clearly Misa subgroup and M| = |M]|.
Furthermore, as P’ = (z; : i € Zp), M < K. Thus M is also a p’ subgroup of K so that
there exists 5 @ P’ such that §~'M8§ = M. Let G' = §7'GS. Clearly M < G’ and as
§e P < NS,,:(P;_D we have that P;l;-1 < G'.Let H = (t;, M). Then H < G’ and for
everyhe H, h(i, j) = (o(i), wj)sothat H < S, x AGL(1, p). As |M| = |G|/pP we have
that |[H| = |G|/pP~! so that |H - ﬁxP;_l(B)l = |G| =|G'|. As H - ﬁxP;,wl(B) < G, we
conclude that G’ = H - ﬁxP[;_ ,(B) and the result follows. O

Proof of Theorem 4: (1) Follows from Lemma 6, and (2) follows from Theorem 8.
Thus, we assume, henceforth, that G is imprimitive. By Theorem 9 the Sylow p-subgroups
of G are isomorphic to P; or P/, 1 <i < p.If no Sylow p-subgroup of G is isomorphic to
P or P}’,fl, then (3) follows from Theorem 3. If a Sylow p-subgroup of G is isomorphic
to P;, then (4) follows from Theorem 7 and Lemnma 1. Finally, if a Sylow p-subgroup of G
is isomorphic to P}Ll, then (5) follows from Lemma 9. O

5. Imprimitive subgroups that contain a Sylow p-subgroup of S,
Note that Z, : Z, is a Sylow p-subgroup of S ..

Proof of Proposition 1: (=) Because N, (L)/L is cyclic (see Theorem 2), we know that
(Ns,(L)/L)? is abelian, so it is obvious that K/L? is a normal subgroup of (Ns,(L)/L)?;
hence K is anormal subgroup of N, (L)”. Then, because ¢ is a crossed homomorphism and
K is H-invariant, it is easy to verify that Gy 1 ¢ is closed under multiplication. Therefore,
itis a subgroup of §, 2 S,.

It is straightforward to verify that K is a normal subgroup of Gy 1 g ¢, and we have
Gu,rx¢/K = H,s0 |Gy, k¢l is divisible by |K||H|. Because K D L7, this implies
that |G g, 1 k¢! is divisible by pP*1. Therefore, Gpy,1 k¢ contains a Sylow p-subgroup of
Sp 28y, 80 Gy, 1 k¢ is transitive. Because Gp,1. 5,6 < Sp 1Sy, weknow that Gy 1 x4 iS
imprimitive. :

(<) Because G is imprimitive, we may assume that G < S, 2 S,,. Then, because prtly
|G|, we know that G contains a Sylow p-subgroup of S, 2 S,; assume, without loss of
generality, that G contains Z, : Z,. In particular, G admits a unique block system B,
consisting of p blocks of cardinality p.

Let H = G/B < §,,let K = fixg(B), alzd let I be the smallest normal subgroup of G
that contains 1: Z,. It is easy to see that L = 1: L = L?, for some transitive, simple
subgroup L of §,.
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The map g > g/B is a homomorphism from G onto H, with kernel K. Thus, there is
an isomorphism $:H — G/K, given by h = ¢(h)/B. Because 1: L is normal in G, we
know thatAG < H N5, (L), so we may write d(h) = h ¢(h), with o(h) € (1 N5, (L)P)/K.
Because ¢ is a homomorphism, it is straightforward to verify that ¢ is a crossed
homomorphism. (]

The assumption that L is simple is not necessary in the definition of Gy ; x ¢, but this
restriction makes L unique (up to conjugacy). For a given group G, the corresponding
H, L, K, ¢ are not uniquely determined, but the following simple lemma describes how to
tell whether Gy, 1, k,,¢, 1S equivalent to Gy, 1, x,.¢,-

Definition 10 (cf. [9, Proposition 4.1]) Let H be a group, let A be an H-module, and let
¢1, ¢p2: H — A be crossed homomorphisms. We say that ¢; is cohomologous to ¢, if there
is an element a of A, such that, for every 4 & H, we have

¢1(h) — da(h) = h~'a —a.

(This is equivalent to the assertion that the homomorphisms 2 — (h, ¢;(h)) and h
(h, ¢1(h)) are conjugate via an element of A.)

We remark that the equivalence classes of this equivalence relation are, by definition, the
elements of the cohomology group H!(H, A).

Lemma 10 Ler H;, L;, K;, ¢; be as in Proposition 1, fori = 1,2,
1. If Gu,.1,.k1.4, is equivalent to G, 1, k,.¢,, then Ly is conjugate to Ly (in Sp).
2. If Gy, 1,.k,.¢, 1s equivalent to G, 1, Ky, and L1 = Lo, then there exists g € §,, such
that, letting g = (g, 1) € S, 1 S, we have
(A) gHg™! = Hy;
(B) gK127! = Ky; and
(C) ¢f is cohomologous to ¢y, where ¢5: Hy — (Ns,(L1)/Ly)? is defined by ¢p£(h) =
gois ™ he g7,

Proof: Lethe Sy, withhGy 1, x,.0.h"" = GH, 1, k,.4,> and let B be the unique com-
plete block system for Z, : Z,. Because Z, ? Z, is contained in both G, 1, , 4, and
G 15,15, K.4,» the uniqueness of B implies that h1B = B; thus, h € S, : S, so we may write
h = (g, x), with g @ S, and x €(S,)?. Because L1 = L,, we must have x € N, (L2)?.

Because Ng,(L2)/L, is abelian, this implies that x normalizes K,, so we must have
gKig™ =K.

Because H; = Gy, 1, x,.4,/B, we must have gH ™' = H,.

Replacing Gy, 1,,k,,4, by its conjugate under £, we may assume that g = 1, so H; = Hj,
K1 = K, and ¢ = ¢,. Because

XGrrkip X" _ Gl Koty
Ly L,
= {(h, $2(h)) : h € Hp},

-x{(h5 ¢1(h)) ch EH]}X_I =

we see that ¢; is cohomologous to ¢,. O
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5.1.  Cyclic codes modulo n

The Chinese Remainder Theorem (Lemma 11) reduces the study of codes modulo » to
the case where # is a prime power. Assuming that p { n, the problem can often be further
reduced to the case where # is prime (see Lemma 12 and Remark 11). This reduced case is
considered in Lemma 13.

Lemma 11 (c¢f. [14, Theorem 1.2.13,p. 8]) Letn = nin,...n,, where each n; is a prime
power, andny, ny, ..., n, are pairwise relatively prime.

1. We have (Zn)P = (Zip,)? & (Zy,)? & -+ & (Zy,)".

2. For any subgroup C of (Zn,)? @ (Zn,)? & --- ® (Z,,)?, we have

C=(Cn(@)) 8 (CnE@.)) e 8 (Cn(z))

Definition 11 Tfn = ¢, where g is prime, and 0 < i < t, we let ¢;: g (Z,)P — (Zg)" be
the natural homomorphism with kernel ¢'*1(Z,)”.

Lemma 12 Ler n = g’ where q is prime, and p # q, and let G be any transitive group

of degree p that contains Zp.

1. If C is any G-invariant subgroup of (Z,)?, define C; = ¢;(C N q*(Z,)P) for0 < i < L.
Then Cy C C; C -+ C Ci_1 is an increasing chain of G-invariant subgroups of (Zy)".

2. If G < AGL(1, p), or G = A, or G = §,,, then the converse holds: For any increasing
chain Cy C C1 C -+ C Ci1 C (Zy)P of G-invariant subgroups of (Zy)F, there is a
subgroup of (Z,)?, such that ¢;(C Ng'(Z,)P) =C;, forQ <i < t.

3. Each G-invariant subgroup of (Z,,)? is uniquely determined by the corresponding chain
Co C Cy C - C Ciq of G-invariant subgroups of (Zy)?.

Proof:' (1) This follows from the observation that, for any c € C N ¢g'(Z,)”?, we have
gc @ g™ (Zy)? and ¢;(c) = ¢it1(ge).
(3) Suppose there is a code C’, such that C; = C; foreach i. Let M = C N q(Z,)".

By induction on ¢, we may assume that C' N g(Z,)? = M. Consider the composite
homomorphism:
/ P / P P
o=l CHa@y O Hq@) QL)
M M o M

If C # (', then this homomorphism is nontrivial, so Cy and g(Z,)? /M have a composition
factor in common. Because

MCM+q " Z) CM+q 7 Zn) - C M+ q(Zy)°
is an increasing chain of G-submodules with quotients

(Zg)" | Cr1, (Zg)? | Cra, . .., (Zg)? [ Cy,
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we conclude that Cy has a composition factor in common with (Z,;)?/C;, for some i > 1.
This is impossible, because Cy C C;, and the representation of G on (Z,)” is multiplicity
free. (In fact, the restriction to the subgroup Z, is multiplicity free, because there are
p distinct pth roots of unity in an appropriate extension of F,.)

(2) It suffices to show, for each i, that there is a G- 1nva1'1ant subgroup C; of (Z, )1’ such
thatC =C;forj <i andC = Ofor j > i.(For then we simply let C = (Cy, ..., C,,l).)
Thus, we may assume that, for somei,wehave Co =C; = =C;and C;y1 = Ciyp =

= C,_; = 0. Furthermore, may assume that i = t — 1 (because C’ = ¢*C satisfies
C =Ofor] >t —k).

If C; is the repetition code, let C be the repetition code in (Z,)?. If C; is the dual of the

repetition code, then let C be the dual of the repetition code in (Z,)?; that is,

P
C = [(zl,...,zp)e(Zn)P : Zz,- =0 (mod n)}.
i=1

Thus, we may now assume that C; is neither the repetition code nor its dual. Then, from
Lemma 13 and the assumption on G, we see that G < AGL(l, p). Therefore Z, < G, so,
from uniqueness (3), we see that every Z ,-invariant subgroup of (Z,)? is G-invariant. Thus,
we may assume that G = Z,,.

In this case, the desired conclusion is a special case of [7, Theorem 37.4, p. 156], but we
give an explicit construction. Let f(x) € F,[x] be the monic generating polynomial for C;.
Because f(x) is a divisor of x? — 1, and x? — 1 has no repeated roots, we know, from
Hensel’s Lemma [7, 36.5, p. 145], that there is a monic polynomial g(x) € Z,[x], such that
g(x) = f(x) (mod g), deg(g) = deg(f), and g is a divisor of x? — 1 in Z,[x]. Now let C
be the ideal of Z,[x]/(x? — 1) generated by g(x). |

Remark In applying Lemma 12 to the study of subgroups of S, one is interested only
in the case where n is not prime and there is a subgroup L of S, such that # is a divisor
of |Ns,(L)/L|. Note that 3% 4 11 — 1, 22 { 23 — 1, and neither 11 nor 23 can be written
in the form (g¢ — 1)/(q — 1) for a prime-power gq. Therefore, we see from Lemma 13
that if G = PSL(2, 11), My, or M»3, then, in the cases of interest, C; must be either the
repetition code or its dual. Thus, the proof of Lemma 12 is valid in these cases. It is only
when PSL(d, ¢) < G < PT'L(d, ¢q) that the possible choices of K in Proposition 1(3) have
not yet been completely classified.

Lemma 13 ([3, 23, 29]) Let

e p andr be prime;

o G be a transitive subgroup of S, that contains Z,, and

o C be anontrivial cyclic code over Z, that admits G as a group of permutation automor-
phisms.

If C is neither the repetition code nor its dual, then either

1. Z, = G < AGL(1, p), and C is described in Lemma 14 below; or

2. G =PSL2,11), p =11, r = 3, and C is either the (11, 6) ternary Golay code or its

dual; or
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3. G = My, p=23,r =2, and C is either the (23, 12) binary Golay code or its dual; or
4. PSL(d,q) < G < PI'Ld, q), p = (g% — 1)/(qg — 1), q is a power of r, and C is
described in Theorem 12 below.

Proof: From Theorem 2, we know that there are only a few possibilities for G. In each
case, the desired conclusion is a known result.

o IfZ, < G < AGL(l, p), see Lemma 14.

o If G = A, (or S,), see [23, Beispiele 9(a)].

e If G =PSL(2, 11) and p = 11, see [29, (D)].

o If G = M;; or My; (and p = 11 or 23, respectively), see [23, Beispiele 9(bc)].

e Suppose PSL(d,q) < G < PTL(d, q) and p = (¢? — 1)/(q — 1). If r | g, see [29,
Section 3(C)]; if r | g, see Theorem 12. [ ]

5.1.1. Cyclic codes invariant under a given subgroup of AGL(1, p). Lemma 14 char-
acterizes the cyclic codes of prime length p that admit a given subgroup of AGL(1, p) as
permutation automorphisms. This result must be well known, but the authors have been
unable to locate it in the literature.

Lemma 14 Ler f(x) € F[x] be the generating polynomial of a cyclic code C of prime
length p over Fq, and let A be a subgroup of Z;,.

1. If p1q, then C is A-invariant if and only if f(x) is a factor of f(x%), for every a @ A.
2. If p | q, then C is A-invariant.

Remark Suppose p 1 g. For a given subgroup A of Z7,, one can construct all of the
A-invariant cyclic codes of length p by the following method.

Let P C F,[x] be the set of all monic factors of the polynomial x” — 1, and let P be
the subset consisting of those polynomials that are irreducible over IF,. Then A acts on both
P and Py by

fAx) = ged(f(x%), x” — 1).

From the lemma, we see that f(x) is the generating polynomial of an A-invariant code if
and only if f* = f, foreverya @ A.

If F is any A-invariant subset F' of Pj; (that is, if F is any union of orbits of A), then
I rer f(x) is the generating polynomial of an A-invariant code, and conversely, every
A-invariant generating polynomial can be constructed in this way.

In particular, the number of A-invariant cyclic codes is 24 where d is the number of
A-orbits on Pi;. However, it is probably easier to calculate d by using the formula d =
L+ 1232 (A, q)l.

5.1.2. Codes that admit PSL(d,q). Bardoe and Sin [3, Theorem A] recently gave an
explicit description of the codes that admit PGL(d, ¢) as a group of permutation automor-
phisms. (They [3, Theorem C] also considered monomial automorphisms, but we do not
need the more general result.) For the case of interest to us, where (¢¢ —1)/(g — 1) is prime,
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we know that gcd(qg — 1, d) = 1, so the natural embedding of PSL(d, gq) into PGL(d, q) is
an isomorphism. Therefore, the codes described in [3] are precisely the codes that admit
PSL(d, g) as a group of permutations.

Furthermore, the results of Bardoe and Sin yield an explicit description of the image
of each code under the Frobenius automorphism (cf. [3, Theorem A(b)]), so the results
generalize easily to any subgroup G of PI'L(d, q) that contains PSL(d, ). After some
necessary definitions, we state this slightly more general version of [3, Theorem A].

Definition 12 Suppose r is a prime number, ¢ = r*, and p = (g¢ — 1)/(g — 1) is prime.
Let ¢ be a divisor of .

Let H© denote the set of r-tuples (so, s1,...,5:—1) of integers satisfying (for j=
0,1,...,t— 1, and with subscripts read modulo #):

.1<s;<d—1;
2.0=<rsjy1—5; <(r—1d;and
3. Sj+c=Sj.

Let H'© be partially ordered in the natural way: (s}, ..., s,_;) < (so, ..., S¢—1) if and only
ifs; < s; forall j.

Let H((f) = H@U{(0,0, ..., 0)},and extend the partial order on H© to H”, by making
(0,0, ..., 0) incomparable to all other elements.

Definition 13 A monomial X = [[%_, X* € Z,[X1, Xa, ..., X4] is a basis monomial if
e 0<bh; <g,fori=1,...,d;
e deg(X) = Y2 b; is divisible by g — 1; and
o X £ X' x4 xi7L
Definition 14 ([3, Section 3.2]) Let X = ]_[jl:l Xf”‘ be a basis monomial. For each
ec{0,1,...,t — 1}, let
d
deg®(X) =) _ ¢°(by),
i=1

where ¢ is the permutation on {0, 1, ..., g — 1} defined by ¢p(k) = rk + (1 — g)|rk/q].
(In other words, if we write k = Z;;}) a jrj as a t-digit number in base r, then ¢(k) =
a1+ Z;-:ll aj_1r7 is the ¢-digit number obtained by rotating the ¢ digits of k, including

the leading 0’s.)
Define
1
s(X0) = — (deg(X), deg!(X), ..., deg’ (X))
.

Then s(X) € 1.
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Definition 15 Any basis monomial X defines an IF,-valued function fx on the vector
space ]FZ. Because deg(X) is divisible by ¢ — 1, we have fx(v) = f,(Lv), for every
La&F; and v e FZ, so fx factors through to a well-defined function fx on the projective
space P471(F,).

Theorem 12 (Bardoe-Sin [3]) Supposer is a prime number, g =r*, p = (¢ —1)/(g—1)
is prime, and PSL.(d, q) < G < PT'L(d, q). Let c = |PT'L{d, q) : G|.

For any ideal T of the partially ordered set H(()C), let M7 C Z, [Pd_l(Fq)] be the span
over 7, of the functions fx, for all basis monomials X, such that s(X) € T. Then Mz is
G-invariant.

Conversely, for each G-invariant subspace M, there is a unique ideal T of HO, such
that M = M7.

5.2, Crossed homomorphisms

Theorem 13 Let

e p be a prime;

o H be either A, S, or subgroup of AGL(1, p) that contains Z,;

e n be a natural number, such that eithern =2 orn | p — 1 or n | m, where m satisfies
p =% —1)/¢? — 1) for some prime r and natural number d;

e K be an H-invariant subgroup of (Z,)?; and

e ¢: H - (Z,)?/K be a crossed homomorphism.

Then ¢ is cohomologous to a homomorphism from H to Co/(K N Cy), where Cy is the

repetition code in (Z,)?.

Remark The conclusion of the theorem can be stated more concretely: If ¢ is not coho-
mologous to O, then either

1. H < AGL(, p), and there is some c € Z,, and some generator & of H/Z,, such

that |Al(c, c, ..., c) @ K and, after replacing ¢ by a cohomologous cocycle, we have
¢(h®, z) =alc,c,...,c),foracZ and z € Zp; or
2. H = Sp, nis even, and there is some ¢ € Z,, such that (2¢, 2¢, ..., 2¢) € K and, after

replacing ¢ by a cohomologous cocycle, we have

0+K ifgeA,

Mm:{ma””®+Kim¢Ap

Proof: LetV =(Z,)?/K, let, and let COL be its dual.
Because gcd(p,n) = 1, we know that every element of Cy(Z,) has a representative in
Cz,»(Zp) (cf. [14, Theorem 5.2.3, p. 177]). Therefore

CazyZy)+K Co+K _ Co

Cy(H) C Cv(Zy) = X X -~ Kncs
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Thus, it suffices to show that, after replacing ¢ by a cohomologous crossed homomorphism,
we have ¢(H) C Cy(Zp).

Case 1 Assume H < AGL(1, p). Because ged(p, n) = 1, we know that HI(Z,,, V) =0
[9, Corollary 12.2.7, p. 237]. Therefore, replacing ¢ by a cohomologous cocycle, we may

assume that ¢(Z,) = 0. Because ¢ is a crossed homomorphism, this implies that ¢(H) C
Cv(Z,). ‘

Case2 Assume H = Ap. Assume thatrn is prime. From Lemma 13, we know that (Z,)” / K
is either Cy or Cy. Because A, is perfect (or p = 3, in which case A, = Z,), we know
that H'(A,, Co) = 0. From [24, Lemma 1], we know that H'(4,, Cy) = 0.

Let m be a divisor of n, such that n/m is prime. By induction on n, we may assume that
¢ is cohomologous to a crossed homomorphism into m V. Then the preceding paragraph
implies that ¢ is cohomologous to 0.

Case 3 Assume H = S,. From Case 2, we may assume, after replacing ¢ by a cohomol-
ogous crossed homomorphism, that ¢(A,) = 0. Therefore, ¢(S,) C Cv(4,) = Cy(Zp).
O

Remark To complete the classification of transitive subgroups of S 2, the following prob-
lems remain:

e For PSL(d, q) < G < PI'L(d, q), extend the Bardoe-Sin Theorem 12 from a classifica-
tion of subgroups modulo a prime to a classification modulo a prime-power.

o Calculate H(H, V) for H = PSL(2, 11) (with p = 11), M;;, M»; and PSL(d, q).

o For each nontrivial cohomology class, find an explicit crossed homomorphism to repre-
sent it.

6. Applications
6.1. The Cayley isomorphism problem

Let H be a set, and E C 27 U22" U .... We say that the ordered pair X = (H, E) is
a combinatorial object. We call H the vertex set and E the edge set. If E C 27, then
X is a hypergraph. An isomorphism between two combinatorial objects X = (H, E) and
Y = (H', E’) is a bijection §: H — H' such that §(E) = E’. An automorphism of a
combinatorial object X is an isomorphism from X toitself. Let G beagroupand X = (G, E)
a combinatorial object. Define g;: G — G by gr(h) = ghandlet G = {gr: g € G). Then
X is a Cayley object of G if and only if G; < Aut(X). A Cayley object X of G is a
CIl-object of G if and only if whenever X’ is a Cayley object of G isomorphic to X, then
some « € Aut(G) is an isomorphism from X to X'. Similarly, G is a CI-group with respect
to K if and only if every Cayley object in the class of combinatorial objects C is a CI-object
of G, and a CI-group if G is a Cl-group with respect to every class K of combinatorial
objects. It is known [31] that G is a CI-group if and only if |G| = 4 or G = Z,, with
ged(n, o(n)) = 1. Hence neither Z,2 nor Z?, is a Cl-group unless p = 2, although Z? is a
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ClI-group with respect to graphs [13]. We begin with a characterization of when two Cayley
objects of a p-group G can be isomorphic provided their automorphism groups share a
common Sylow p-subgroup.

Lemma 15 Let X and Y be Cayley objects of a p-group G, and P a Sylow p-subgroup of
both Aut(X) and Aut(Y). Then X and Y are isomorphic if and only if there exists § € N, (P)
such that 5(X) =

Proof: (=)Letw: X — Y be an isomorphism. Then o~ 'Pw C Aut(X), and ™! Pow <
Py, a Sylow p-subgroup of Aut(X). Hence there exists # & Aut(X) such that ~! P, = P,
so that 8~ 'o ' PwB < P, which means wf & N5, (P). Furthermore, wf: X — Y is an
isomorphism. O

Corollary 1 Let X and Y be Cayley objects of Zp, such that P; is a Sylow p-subgroup
of both Aut(X) and Aut(Y), for some2 <i < p — 1. Let 8 EIE‘; such that |p| = p — 1.

Then X and Y are isomorphic if and only of they are isomorphic by o = B/ yi’f,_l , for some
l<j<p—1landl <k <p.

Proof: (=) From Lemmas 15 and 5, we know that X and Y are isomorphic if and only
if they are isomorphic by some § € Nsz(Pi) = (NSFZ((‘L')), Yiy1). As P; <1N5p2(P,~) and
|Ns,(P)/Pi| = (p — 1)p, there are (p — 1)p cosets of P; in Ns,(P). As B, vis1 € P,
these (p — 1)p cosets are Piﬂjyi’f,_l, l<j<p-—1landl <k < p. Hence § may be
written in the form § = go, with g€ P, and o = ﬁf yi’f,_l. Then o & NS,,z(Pi) and, because
8(X)=7Y and g € Aut(Y), wehave (X)) =Y. [ ]

Corollary2 Let X and Y be Cayley objects of Zf, with I1; a Sylow p-subgroup of Aut(X)
and 1y a Sylow p-subgroup of Y. Let o eAut(Zf,) such that all'llcxl_l = P/ and o, &
Aut(Z2) such that apTlhe;' = P/, 1 <i < p — 1. Let B, such that || = p — 1.
Then X and Y are isomorphic if and only if they are isomorphic by a1 87 8*yf ylHoz2 , 1 <7,
k=sp—-1,1=<f=<p

Proof: Note that P; is a Sylow p-subgroup of both Aut(«; (X)) and Aut(a,(Y)). It follows
then by arguments analogous to those in Corollary 1 that 1(X) and ap(Y) are 1somorphlc
if and only if they are isomorphic by some w € Ng 2 (P/). The result follows.

We remark that the case P = P; was considered in [4].

6.2. Automorphism groups of Cayley graphs of Zf,

Using Theorem 4 we can calculate the full automorphism group of any vertex-transitive
graph of order p?. We actually will prove this result in slightly more generality, determining
all 2-closed groups G that contain a regular subgroup isomorphic to Zf, (as was done in the
previously cited paper). We remark that Klin and Poschel [25] have already calculated the
full automorphism groups of circulant graphs of order p* (that is, of Cayley graphs of Z pt)-
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Theorem 14 Let G be a 2-closed subgroup of Sp2 such that G contains the left regular

representation of Zi.

1. If G is doubly transitive, then G = S .

2. If G is simply primitive and solvable, then G < AGL(2, p).

3. If G is simply primitive and nonsolvable, then G < AGL(2, p) or G = $;1 S, in its
product action.

4. If G is imprimitive, solvable, and has elementary abelian Sylow p-subgroup, then either
G < AGL(1, p) x AGL(1, p)or G = 53 x 53 (and p = 3).

5. If G is imprimitive, nonsolvable, and has elementary abelian Sylow p-subgroup, then
either G = S, x S, or G = 8, X A, where A < AGL(1, p).

6. IfG is imprimitive with Sylow p-subgroup of order at least p*, then G = G1G,, where
G and G, are 2-closed permutation groups of degree p.

Proof: (1) If G is doubly transitive, then clearly G = S,

(5) If G is imprimitive, nonsolvable, and has elementary abelian Sylow p-subgroup, then
by Theorem 4, we have that G = {(o, 7) @ H X NSF(K) : f(o)e®TK}, where K, H < §,
and f: H — N5 (K)/K is a group homomorphism.

Let 7; @ H be a p-cycle and 7, € K be a p-cycle. Then (1, 15P) e G and (1s,, 72) & G.
Furthermore, G admits complete block systems 3; and B, of p blocks of cardinality p
formed by the orbits of (1, 15,))) and ((15,, 72)), respectively (because G < S, x S,).

If both fixg(B1) = {(, Ls,) : deKer(f)} and fixg(B2) = {(I5,), ) : y €K} are
solvable, then fixg(B1) < AGL(1, p) and fixg(52) < AGL(l, p). Then K < AGL(1, p)
and Ng,(K) = AGL(1, p) is solvable. Hence both Ker(f) and f(H) are solvable so that H
is solvable. Thus G is solvable, a contradiction.

We now know that either fixg(B;) or fix;(3;) is nonsolvable. We will show that if
fix(Bs) is doubly transitive (which includes the nonsolvable case), then G = H x S,,. The
case where fixg(B;) is nonsolvable is handled in a similar fashion.

If fix;(3;) is nonsolvable, then by Theorem 1 fixg([5,)|p is doubly transitive for every
B € B;. Hence Stabgy(5,)(i, j) # 1 for every (i, j) € Zf,. Define an equivalence relation =
on Zf, by (i, j) = (k, £) if and only if Stabsy;(5,)(i, j) = Stabgs,)(k, £). As G < §, x §,,
there are p equivalence classes of = and each equivalence class of = contains exactly one
element from each block of B;. As fixg(B:)| s is doubly transitive, Stabsy(s,)(#, j)ls has
two orbits for every B € B,. One orbit consists of {(k, £)}, where (k, £) = (i, j) and the
other consisting of the remaining elements of the block B’ of 13, that contains (k, £). Let T’
be an orbital digraph of G with ((, j), (k, £)) ® E(I'). If i = k, then I' = pK, (the union
of p disjoint copies of K) and so Aut(I’) = S, 1 Sp. If i # j, then, as I" is an orbital
digraph, either (i, j) is only adjacent to (k, £) or (i, j) is adjacent to every element of B’
except (k, £). In either case, it is straightforward to verify that {(1s,, ¥) : v € S,} < Aut(").
As G is the intersection of the automorphism group of all orbital digraphs of G, we have
K = §,, Ns,(K)=S8,and f = 1. Thus G = H X K = H x §, as required. Thus either
H < AGL(1, p) or H is doubly transitive (as AGL(1, p) is doubly transitive). Analogous
arguments will then show that if H is doubly transitive, then H = §,. Thus (5) follows.

(4) If G is imprimitive, solvable, and has elementary abelian Sylow p-subgroup, then
we may define H, K, and f as in Theorem 4. Both H and N, (K) are solvable, so that
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K is solvable and, by Theorem 1, we have H, K < AGL(l, p). As N5, (AGL(l, p)) =
AGL(1, p), we have that G < AGL(l, p) x AGL(l, p). As AGL(l, p) is itself doubly
transitive, if G = AGL(1, p) x AGL(1, p) then fixg(B)|p is doubly transitive for every
complete block system 3 of G and every block B & B. It then follows by arguments above
that fixg(B) = S, a contradiction unless p = 3. If p = 3, then AGL(1, p) x AGL(l, p) =
S3 X §3, a group listed in (4). Thus (4) follows.

(2, 3) If G is simply primitive, then by Theorem 4, G has an elementary abelian Sylow
p-subgroup and either G < AGL(2, p) or G contains an imprimitive subgroup H of index
2.If G < AGL(2, p), then the result follows, so we may assume G contains an imprimitive
subgroup H of index 2. Note that G is solvable if and only if H is solvable.

If H is solvable, then H has an elementary abelian Sylow p-subgroup, and so G has an ele-
mentary abelian Sylow p-subgroup. Furthermore, G is solvable. Let N be a minimal normal
subgroupof G. Then N is an elementary abelian g-group for some prime g. As G is primitive,
N is transitive, g = p and |[N| = p%. Thus G < Nsy,z, (N) < AGL(2, p) and (2) follows.

If H is nonsolvable, then by (5) proven above and the fact that if H < G, then cl(H) <
cl(G), we have that either H = §, x S, ot H = A x §,, with A < AGL(1, p). It then
follows by {10, Theorem 4.6A] that G = S, S, with the product action. Thus (3) follows.

(6) If G has a Sylow p-subgroup P of order at least p*, then P admits a complete block
system B of p blocks of cardinality p. Then |fixp(B)| > p? so that Stabyy,5)(0, 0) # 1.
As fixp(B) is a p-group, we have that if y € Stabg,,(3(0, 0), then y fixes every point of the
block of B that contains (0, 0). Define an equivalence relation =" on Zf, by (i, j) =" (k, £)
if and only if Stabgy, ), j) = Stabsy, sk, £). It follows by comments above and the fact
that Stabgy, (i, j) = Stabp(0, 0), that the cardinality of each equivalence class of =" is a
multiple of p. It is straightforward to verify that the equivalence classes of =’ are blocks
of P so that each equivalence class of =’ has order p. Thus the equivalence classes of =’
form the complete block system I. For convenience, we assume without loss of generality
that B={{(i, /) : j€Z,y} 1 i €Zp}.

Let T be an orbital digraph of G, with P’ a Sylow p-subgroup of Aut(T") that contains
P. Then P’ admits BB as a complete block system as well. If " is disconnected, then
I' = pI',, where pI'; is the disjoint union of p copies of the directed graph I'; so that
Aut(I") = S, 2 Aut(I"). If " is connected, let ((i, J), Ck, Z)) € E(T") such that i 3 k. Then
@i, j) # (k. £) so that there exists y € P such that y(i, j) = (i, j) but y(k, £) # (k, £).
Then y permutes the p elements of {(k,m) : m €Z,} as a p-cycle. We conclude that
((i, i), (k, m)) € E(I") for every m € Z,. As fixp(B)|p is semiregular, where B € B such
that (i, j) € B, we have that (¢, n), (k, m)) & E(T') forevery n,m € Z,. Thus ' = T’} 1 T,
where I'; and I, are digraphs of order p. It follows by [32, Theorem 1] that Aut(T'") =
Aut(T'1) 2 Aut(I'y) (although the cited theorem is stated only for graphs, it works as well for
digraphs). As cl(G) is the intersection of the automorphism groups of all orbital digraphs
of G, we conclude that G = G : G; for 2-closed groups G, G, of degree p. Thus (6)
holds. [ ]

Theorem 15  Let G be a 2-closed subgroup of Sp: that contains the left regular represen-
tation of Z . Then one of the following is true:
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1. G=S8p,
2. G = Ns,((Zp)r),
3. G = G111 Gy, where G and G, are 2-closed groups of degree p.

Proof: If G is doubly transitive, then G = §,.. Otherwise, as Z,. is a Burnside group
[33, Theorem 25.3], G is imprimitive. By Theorem 4, either a Sylow p-subgroup of G is
normal in G, or a Sylow p-subgroup is isomorphic to Z,Z,. By arguments in Theorem 14,
if a Sylow p-subgroup of G has order at least p?, then G = G, 1 G,, where G, and G, are
2-closed groups of degree p. The result then follows. [ ]

Definition 16 A Cayley digraph I" of a group G is normal if the left regular representation
of G is normal in Aut(T").

In [35, Problem 3], Ming-Yao Xu posed the problem of determining all nonnormal Cayley
graphs of order p?. We are now in a position to solve this problem.

Corollary 3 A Cayley digraph T of a group of order p? is nonnormal if and only if T is
isomorphic to one of the following graphs.
1. '=Kp,p>3,0rp=2and G =17y,
2. I' =TTy, where 'y and "y are Cayley digraphs of the cyclic group of order p, p > 3,
3. T is a Cayley digraph oni butnot Zy2, p > 5, with connection set S = {(i, 0), (0, j) :
i, j € Zp} or the complement of this graph,
4. T is a Cayley digraph of Zi but not Z.,2, p > 5, whose connection set S satisfies the
Jollowing properties, where H = {(0,1) : i € Z,},
(A HNnS=pPor HNS=H —{(0,0)},
(B) forevery coset (a,0)+ H # Hof H, (a,0)+ H)N S = (a,b) + H, ¥, {(a, 0)},
or ((a, 0)+ H) — {(a, 0)}.

Proof: Let G = Aut(I'). Then I' is normal if (2), (4) of Theorem 14 hold or (2) of
Theorem 15 hold.

If either (1) of Theorem 14 or (1) of Theorem 15 holds, then Aut(I") = S,z and I" is
not normal unless p = 2, in which case the left regular representation of Z% is a normal
subgroup of Sy but the left regular representation of Z4 is not a normal subgroup of S4 and
(1) follows.

If (6) of Theorem 14 or (3) of 15 holds, then I' = I'y : I, where I'; and I'; are Cayley
digraphs of Z,. It is then straightforward to verify, as Aut(I") = Aut(I';) 2 Aut(I";) that left
regular representations of Z > and Z?, are not normal in Aut(I") unless p = 2. Whence (2)
holds. We conclude that the remaining nonnormal Cayley digraphs must be Cayley digraphs
of Z2 but not Z:.

If (3) of Theorem 14 holds, then (3) follows by [35, Theorem 2.12].

Finally, if (5) of Theorem 14 holds, I" will be nonnormal provided that p > 3. Further,
Aut(I") admits a complete block system B of p blocks of cardinality p, which we may assume
(by replacing I" with its image under an appropriate automorphism of Zf,) that 5 is formed
by the orbits of H; and that fixaur)(B)|g = S, forevery B € B. As fixaum)(B)|z = S, we
have that I'[H] = K, or K, the complete graph on p vertices or its complement. Whence
HNnS=0or HNS = H — {(0, 0)}. Define an equivalence relation = on Zi by (i, j) =
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(k, £) if and only if Stabfix,,..5)(, j) = Stabsix,,,. )k, £). It is then straightforward to
verify that there are p equivalence classes of = and that these p equivalence classes of =
form a complete block system C of Aut(I"). Again, if necessary, we replace I" with its image
under an appropriate automorphism of Zf, and assume that B3 is formed by the orbits of H;,
andC = ({(i,j): i @Zy}: je€Zy}. Letac Z;. Then (0, 0) is adjacent to either: no vertex
of (a, 0) + H; every vertex of (a, 0) + H; only the vertex of (a, 0) of (a, 0) + H; or every
vertex of (a, 0) + H except (a, 0). Thus (4) follows.

The converse is straightforward. [ |
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